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LOCAL MOVES ON KNOTS AND PRODUCTS OF KNOTS II
LOUIS H. KAUFFMAN AND EIJI OGASA
Abstract. We use the terms, knot product and local move, as defined in the text of
the paper. Let n be an integer≧ 3. Let Sn be the set of simple spherical n-knots in
Sn+2. Let m be an integer≧ 4. We prove that the map j : S2m → S2m+4 is bijective,
where j(K) = K⊗Hopf, and Hopf denotes the Hopf link.
Let J and K be 1-links in S3. Suppose that J is obtained from K by a single pass-
move, which is a local-move on 1-links. Let k be a positive integer. Let P ⊗k Q denote
the knot product P ⊗ Q ⊗ ...⊗Q︸ ︷︷ ︸
k
. We prove the following: The (4k + 1)-dimensional
submanifold J⊗kHopf ⊂ S4k+3 is obtained from K⊗kHopf by a single (2k+1, 2k+1)-
pass-move, which is a local-move on (4k + 1)-submanifolds contained in S4k+3. See the
body of the paper for the definitions of all local moves in this abstract.
We prove the following: Let a, b, a′, b′ and k be positive integers. If the (a, b) torus
link is pass-move equivalent to the (a′, b′) torus link, then the Brieskorn manifold
Σ(a, b, 2, ..., 2︸ ︷︷ ︸
2k
) is diffeomorphic to Σ(a′, b′, 2, ..., 2︸ ︷︷ ︸
2k
) as abstract manifolds.
Let J andK be (not necessarily connected or spherical) 2-dimensional closed oriented
submanifolds in S4. Suppose that J is obtained from K by a single ribbon-move, which
is a local-move on 2-dimensional submanifolds contained in S4. Let k be an integer≥ 2.
We prove the following: The (4k+2)-submanifold J ⊗k Hopf ⊂ S4k+4 is obtained from
K ⊗k Hopf by a single (2k + 1, 2k + 2)-pass-move, which is a local-move on (4k + 2)-
dimensional submanifolds contained in S4k+4.
1. Introduction
The purpose of this paper is to investigate certain key constructions on a codimension-
two differentiable closed oriented submanifold of a standard sphere Sn of dimension n in
different dimensions. Of course knots are examples of these submanifolds (see the next
section for the definition of knots and that of submanifolds).
E-mail: kauffman@uic.edu ogasa@mail1.meijigakuin.ac.jp
Keywords: local-moves on 1-knots, local-moves on high dimensional knots, the crossing-change on 1-links,
the pass-move on 1-links, products of knots, the (p, q)-pass-move on high dimensional links, branched
cyclic covering spaces, Seifert hypersurfaces, Seifert matrices.
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The first construction is the knot product (It is defined in [15, Definnition 3.3]. An
alternative definition is given in ([15, Lemma 3.4].) Let k and l be positive integers. For
a (not necessarily connected or spherical) (k−2)-dimensional closed oriented submanifold
K of Sk and a (not necessarily connected or spherical) (l−2)-dimensional closed oriented
submanifold L of Sl, a knot product K ⊗ L is defined as long as K or L is fibered.
K⊗L is a (not necessarily connected or spherical) (k+ l−1)-dimensional closed oriented
submanifold of Sk+l+1. (See precise definitions in the next section. K⊗L is defined even
if k or l is one.) We can handle not only the case where K, L, and K ⊗ L are knots but
also the case where not all of K, L, and K ⊗ L are knots although the name is ‘knot’
products.
The knot product generalizes a property of the links of complex hypersurface singu-
larities (see [15, Proposition 4.3]), and can be used to give constructions for Brieskorn
(sub)manifolds ([11, the sixth line from the bottom of page 1106] and [15, the last sen-
tence of §6, and the first remark in page 390]), and other phenomena in low and high
dimensional topology.
The second construction is a generalization of an equivalence relation in classical knot
theory that we have called “pass equivalence”. Two classical knots (embeddings of the
circle) are said to be pass equivalent if there is a sequence of pass-moves as shown in the
figure of Definition 3.1 combined with ambient isotopy, taking one knot to the other. Two
single component classical knots are pass equivalent if and only if they have the same
Arf invariant ([12, Proposition 5.6 in page 77 and Corollary in page 260]). In this paper,
we study high dimensional analogues of the pass move, which [27] begun, and we show
that high dimensional pass equivalence works compatibly in relation to taking the prod-
uct with the Hopf link, which [16] begun. Taking products with the Hopf link preserves
Seifert linking pairings and is a natural operation in the context of knot products and
high dimensional knot theory. It is important for us to know that the pass equivalence
relation is preserved under this product.(The above property of Seifert pairings is proved
in [15, Proposition 6.2]. [15, Proposition 6.2] is proved by using [15, Lemma 6.1]. We
will explain [15, Lemma 6.1] in more detail two paragraphs below.)
In the case of high dimensional knot theory we still need to understand a natural
framework for the many phenomena that occur there. The Brieskorn (sub)manifolds
were the first construction that showed that exotic differentiable structures on spheres
were natural in the sense that these spheres occurred as links of algebraic singularities.
Not only did they occur as such links, but their exoticity was related to the way those
spheres were knotted in codimension two ([25, the last sentence of §8]). The knot prod-
uct construction provides a systematic method for producing Brieskorn (sub)manifolds
and their generalizations ([11, the sixth line from the bottom of page 1106] and [15, the
2
last sentence of §6, and the first remark in page 390]), and it provides a linkage between
different dimensions of construction (see the previous paragraph, Main Theorems 2.3,
4.2, and 4.4). Using knot products, one sees that Brieskorn manifolds are obtained by
an iterated branched covering construction applied to torus knots. By making these new
constructions for manifolds and knots in higher dimensions we open the possibilities of
new understandings and new questions about the nature of higher dimensional space.
Remember that there remain many important open problems in high dimensional knot
and link theory ([3, 4, 36]).
Let k and l be positive integers. Let K (respectively, L) be a codimension two closed
oriented submanifold of Sk (respectively Sl), and J or K fibered. A relation among a
Seifert hypersurface for J , that for K, and that for J ⊗K is shown in [15, Lemma 6.1].
The relation deduces a relation among a Seifert matrix for J , that for K, and that for
J ⊗ K ([15, Proposition 6.2]). Indeed the relation which is shown in [15, Lemma 6.1]
implies stronger facts. It is a crucial idea of this paper. See Claims 5.8, 5.9, 6.4, and 6.5,
and Theorem 7.11. These imply our main results (Main Theorems 2.3, 4.2, and 4.4).
In [16] we began to research relations between knot products and local-moves on knots.
This paper is a sequel to [16]. [17] is a preprint of this paper. Knot products, or
products of knots, were defined in [15] (It is defined in [15, Definnition 3.3]. An alternative
definition is given in [15, Lemma 3.4].) [11] is an announcement of [15]. Knot products
have been researched in [13, 15, 16] (See also [14] as it uses the same ideas as [13] in
dimensions 3 and 4.) Local moves on high dimensional knots were defined in [27, 29, 31]
and have been researched in [16, 27, 28, 29, 30, 31, 32, 33, 34, 35]. [18] is a sequel of this
paper.
Our main results are Main Theorems 2.3, 4.2, and 4.4.
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2. A main result on knot products
We work in the smooth category unless we indicate otherwise.
Let n andm be positive integers. An (oriented)(ordered)m-component n-(dimensional)
link is a smooth, oriented submanifold L = (L1, ..., Lm) ⊂ S
n+2, which is the ordered
disjoint union of m manifolds, each PL homeomorphic to the standard n-sphere. If
m = 1, then L is called a knot. See [21, Chapter 1 section 1] for the definition of smooth
manifolds and that of smooth submanifolds.
Note the following: We usually define n-links as above (see e.g. [3]). Not all n-knots
are diffeomorphic to the standard n-sphere although all n-knots are PL homeomorphic
to the standard n-sphere. Indeed many exotic n-spheres, which are not diffeomorphic
to the standard n-sphere, can be embedded smoothly in Sn+2 (see [22, 23, 25] for the
proof). We exclude wild knots as usual (see [2, 1.3 Definition and the parts near it]).
In this paper, diffeomorphism (respectively, PL homeomorphism) means orientation
preserving diffeomorphism (respectively, PL homeomorphism) unless otherwise stated.
Let n be a positive integer. Two submanifolds J and K ⊂ Sn are (ambient) isotopic
if there is a smooth orientation preserving family of diffeomorphisms ηt of S
n, 0 ≦ t ≦ 1,
with η0 the identity and η1(J) = K.
An m-component n-link L = (L1, ..., Lm) is called a trivial (n-)link if each Li bounds
an (n + 1)-ball Bi embedded in S
n+2 and if Bi ∩ Bj = φ for each distinct i, j. If L is a
trivial 1-component (n-)link, then L is called a trivial (n-)knot.
Let x and y be nonnegative integers. Let X be an x-dimensional submanifold of a
y-dimensional manifold Y . Let N(X) be the tubular neighborhood of X in Y . See
[26, page 115] for the definition and properties of tubular neighborhoods. In this paper
the tubular neighborhood means the closed tubular neighborhood not the open tubular
neighborhood. The fiber of the closed (respectively, open) tubular neighborhood is the
closed (respectively, open) (y − x)-ball. We do not say what Y is, if there is no danger
of confusion.
Let n be a positive integer. Let K be a (not necessarily connected or spherical) n-
dimensional closed oriented submanifold of Sn+2. Let N(K) be the tubular neighborhood
of K in Sn+2. Note that ∂N(K) is the total space of a product bundle ∂D2×K → ∂D2.
Let Sn+2 −N(K) be the closure of Sn+2−N(K) in Sn+2. We say that K is a fibered sub-
manifold if Sn+2 −N(K) is the total space of a fiber bundle π : Sn+2 −N(K)→ S1 and if
π|∂N(K) : ∂N(K)→ S
1 is the projection map of a product fiber bundle ∂D2×K → ∂D2.
Here, note that ∂D2 ×K = ∂N(K) and ∂D2 = S1.
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Let l be a positive integer. Let L be a (not necessarily connected or spherical) closed
oriented l-submanifold contained in Sl+2. LetW be a connected compact oriented (l+1)-
submanifold of Sl+2 such that ∂W = A. We call W a Seifert hypersurface for A.
In this paper we abbreviate ‘manifold-with-boundary’ (respectively, ‘submanifold-with-
boundary’) to ‘manifold’ (respectively, ‘submanifold’) when the meaning is clear from
the context.
We review the definition of knot products, or products of knots, after we explain a
question which motivates the definition of knot products. This question was discussed
and answered in [15, §4].
Let a be a positive integer. Let f : Ca −→ C be a (complex) polynomial mapping with
an isolated singularity at the origin of Ca and satisfy f(the origin)=the origin. Recall
that one defines the link of this singularity, L(f) = f−1(0) ∩ S2a−1 ⊂ S2a−1. (See [25]
for the precise definition of the link of singularity.) Here the symbol f−1(0) denotes the
variety of f , and S2a−1 denotes a sufficiently small sphere about the origin of Ca.
Let b be a positive integer. Given another such polynomial g : Cb −→ C, form
f + g : Ca+b = Ca × Cb → C by (f + g)(x, y) = f(x) + g(y).
What kind of relation do we have among L(f) ⊂ S2a−1, L(g) ⊂ S2b−1, and L(f + g)
⊂ S2a+2b−1? An answer to this question is explained below in the form of a construction
that works for more general codimension two embeddings. This construction is due to
[15].
Knot products are defined in [15, Definition 3.3]. We have described them in the second
paragraph of §1 of this paper. An alternative definition is given in [15, Lemma 3.4], which
we cite almost verbatim below. Some notations in the cited lemma are different from
ones in this paper. See the remarks below the citation.
We emphasize that the reference [15] contains the proofs about the well-definedness of
this construction.
A knot (Sk, K) is defined in [15, the fourth paragraph of page 371] as a (not necessarily
connected or spherical) (k − 2)-dimensional closed oriented submanifold K of Sk. See
the footnote 1 for the term, ‘knot’.
1 As [15, 25] etc. do, we sometimes use the term, ‘knots’, for (not necessarily connected or spherical)
closed oriented submanifolds. Then we sometimes use the term, ‘spherical knots’, for what we defined
in the second paragraph of this section.
Recall the following well-known fact: Let n be a positive integer 6= 4. Let M be a smooth manifold.
M is homeomorphic to the standard n-sphere if and only if M is PL homeomorphic to the standard
n-sphere. If n = 4, it is an open problem whether this fact holds. So, in the n 6= 4 case, we should
use both terms, PL spherical knots and topological spherical knots as for now. Of course we do not use
these terms when the meaning is clear from the context.
Note that we always work in the differentiable category in the present paper.
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A fibered knot (Sl, L, b) is defined in [15, the fourth paragraph of page 371] as a (not
necessarily connected or spherical) (l−2)-dimensional fibered closed oriented submanifold
L of Sl.
The key to the knot product construction is the association of maps toD2 (as explained
below) with a fibered closed oriented submanifold (Sl, L, b). The fibered submanifold has
a map b : Sl −N(L)→ S1 that is a fibration and restricts to the projection to S1 on the
boundary of N(L) ∼= L×D2, where ∼= denotes an orientation preserving diffeomorphism.
Thus b extends to a map (still called) b : Sl → D2 with b−1(0) = L. We can then form
the cone on this map, cb : Dl+1 → D2 with (cb)−1(0) = CL, where CL denotes the
cone on L. Define a pair (D2a, f−1(0)) by using the algebraic variety several paragraphs
above, where D2a is a 2a-ball differentiably embedded in C2a whose boundary is S2a−1.
The pair (Dl+1, CL) is a generalization of (D2a, f−1(0)) to the case where we do not use
an algebraic variety.
Definition of knot products. Let k and l be positive integers. Let Sk = ∂Dk+1 and
Sl = ∂Dl+1.
Lemma 3.4 of [15]. Let (Sk, K) be a knot and (Sl, L, b) a fibered knot. Let F ⊂ Dk+1
be a spanning manifold for K as in [15, Definition 3.1]. Use [15, Lemma 2.3] to obtain
γ : Dk+1 → D2 with γ−1(0) = F, 0 a regular value of γ. Let τ : Dl+1 → D2 be a smoothing
of cb. Use these maps to form the pullback
b(Dk+1, F ) −−−→ Dl+1
y
yτ
Dk+1
γ
−−−→ D2
Thus b(Dk+1, F ) ⊂ Dk+1 × Dl+1. Then the knot product (Sk+l+1, K ⊗ b) is obtained by
taking boundaries from this embedding. That is, (Sk+l+1, K ⊗ b) is isotopic to
(∂(Dk+1 ×Dl+1), ∂(b(Dk+1, F ))).
(Sk+l+1, K⊗ b) is well-defined in the differentiable category in terms of the embedding
K and the fiber structure of L.
For (Sk, K) and (Sl, L, b), (Sk+l+1, K ⊗ b) is indicated by (Sk+l+1, K ⊗ L) as written
in [15, the first paragraph of §3].
See [15, Fig. 1 in page 371 and the part above it] for the word ‘smoothing’ in the
cited lemma. In particular, a smoothing of cb : Dl+1 → D2 (as in [15, Lemma 3.4]) with
(cb)−1(0) = CL is obtained by changing to a nearby smooth map c˜b : Dl+1 → D2 with
(c˜b)−1(0) = G, where G ⊂ Dl+1 is a smooth submanifold of Dl+1 and (c˜b)−1(0) ∩ Sl is
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isotopic to L. The manifold G is part of a family of submanifolds that deforms to the
singular subspace CL.
In this paper we let K ⊗ L denote (Sk+l+1, K ⊗ L) in order to make the notation
shorter. Note that in [15, the first paragraph of §3, and Definition 3.1], K ⊗ L denotes
the diffeomorphism type of the submanifold (Sk+l+1, K ⊗ L), K ⊗ L →֒ Sk+l+1.
If k (respectively, l) is one, we regard K (respectively L) as the empty knot, which is
defined in [15, line(−3) of page 371]. The empty knots correspond to the maps
τa : D
2 → D2, τa(z) = z
a, where a is an integer≧ 2. Let p be a nonnegative integer. Let E
be a p-dimensional (not necessarily connected or spherical) closed oriented submanifold
contained in Sp+2. In Lemma 5.3 we explain how we construct the (p + 2)-dimensional
closed oriented submanifold E⊗[2] in the standard (p+4)-sphere: E⊗[a] is an embedding
of the a-fold branched cyclic cover of Sp+2 along E ⊂ Sp+2 in Sp+4. See Lemma 5.3 for
the detail.
b(Dk+1, F ) is a submanifold of Dk+1×Dl+1 as [15, the first line of page 374] is pointed
out: In [15, the last line and the diagram on it of page 373], let M be Dk+1, Dn+1 be
Dl+1 and V be F (note this F is not ‘F in [15, Definition 2.1]’). Then N = Dk+1×Dl+1.
Note N = τ(M,α) in [15, the third line of Theorem 2.2], τ(M,α) = b(M,α) in [15,
Theorem 2.2.(ii)], and b(M,α) = b(M,V ) in [15, Remark in page 376]. Since b(Dk+1, F )
is an inverse image of a regular value by a smooth map, b(Dk+1, F ) is a submanifold of
Dk+1 ×Dl+1.
Hence ∂(b(Dk+1, F )) is a well-defined differentiable submanifold of Sk+l+1.
The first remark in [15, page 380] explains the reason for the following: When we
consider the knot product of two submanifolds, we impose the condition that one of the
two submanifolds is fibered. If neither submanifold is fibered, the construction is not
uniquely defined.
In Lemmas 5.3 and 5.4, we show an example of [15, Lemma 3.4].
[15, Corollary 3.6] implies that for fibered knots (Sl, L, b) and (Sl
′
, L′, b′),
(Sl+l
′+1, L⊗ L′) is isotopic to (−1)(l−1)(l
′−1)(Sl+l
′+1, L′ ⊗ L).
[15, Proposition 4.3] gives an answer to the question which we posed several paragraphs
above. It shows that L(f)⊗ L(g) is isotopic to L(f + g).
Note that knot products J ⊗ K are defined even when neither J nor K is a link of
singularity. This fact is significant because it utilizes structure that formerly was only
available through algebraic varieties to knot theory proper.
Let n be a positive integer. Let En be the set of (not necessarily connected or spherical)
n-dimensional closed oriented submanifolds in Sn+2. We abbreviate A⊗ (the Hopf link)
to A⊗Hopf. Let K ∈ En. By the definition of the knot product, which we review before
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here in this section, K ⊗ Hopf ∈ En+4. Thus we obtain a map
⊗Hopf : En → En+4.
K 7→ K ⊗ Hopf.
Let A be a subset of En. We abbreviate a map (⊗Hopf)|A to ⊗Hopf. Let ⊗Hopf(A)
be denoted by A⊗ Hopf.
Let p be a positive integer. Let K be a spherical (2p+1)-knot contained in S2p+3. Let
i be an integer such that 2 ≦ i ≦ p. We say that K is a simple spherical (2p+ 1)-knot if
K satisfies that π1(S
2p+3 −K) ∼= Z and πi(S
2p+3 −K) ∼= 0.
Note that for each integer j, πj(S
2p+3−IntN(K)) ∼= πj(S
2p+3−N(K)) ∼= πj(S
2p+3−K).
In knot theory we often use the compact manifold S2p+3 − IntN(K).
See [5, 6, 7, 8, 9, 23] for important results on simple spherical knots. Let n be any
integer≧ 3. Let Sn be the set of simple spherical n-knots in S
n+2. The following were
proved.
Theorem 2.1. ([11, Theorem 6].) Let n be a positive integer. Let Kn be the set of
n-dimensional spherical knots in Sn+2. Then we have the following.
(1) Kn ⊗ Hopf ⊂ Kn+4.
(2) Let K, J ∈ Kn. Suppose that K is knot-cobordant to J . Then K ⊗ Hopf is
(2) knot-cobordant to J ⊗ Hopf. Thus we can define a homomorphism
⊗Hopf : Cn → Cn+4,
(2) where Cn is the n-dimensional knot cobordism group.
(3) ⊗Hopf : Cn → Cn+4 is an isomorphism if n 6= 1, 3.
(3) ⊗Hopf : C3 → C7 is injective and not surjective.
(3) ⊗Hopf : C1 → C5 is surjective and not injective.
(4) Sn ⊗ Hopf ⊂ Sn+4.
Note. See [19, 22] for the definition of knot-cobordism and that of the n-dimensional
knot cobordism group Cn.
Theorem 2.2. ([16, Theorem 11.7].) We have the following.
For any integer m ≧ 2, ⊗Hopf : S2m+1 → S2m+5 is a bijective map.
⊗Hopf : S3 → S7 is injective and not surjective.
⊗Hopf : K1 → S5 is surjective and not injective.
In this paper we prove the following.
Main Theorem 2.3. For each integer m ≧ 4, ⊗Hopf : S2m → S2m+4 is a bijective map.
We will review some more notations in §3 before we will state other main theorems in
§4.
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3. Review of the definitions and some results on local-moves on
n-dimensional knots, where n is a positive integer
Definition 3.1. ([12, Definition 5.4].) Two 1-links are pass-move-equivalent if one is
obtained from the other by a sequence of pass-moves. See the following figure for an
illustration of the pass-move. Each of four arcs in the 3-ball may belong to different
components of the 1-link.
pass-move
If K and J are pass-move-equivalent and if K and K ′ are isotopic, then we also say that
K ′ and J are pass-move-equivalent.
Note the following: If a 1-link K is obtained by a 1-link J by a pass-move, there are
two cases such that K+ and K− are not isotopic and such that K+ and K− are isotopic.
Note this fact in the case of other local moves.
The pass-move on 1-links is a local-move on 1-links. The reason why we use the word
‘local’ in the term ‘local-move’ is as follows: When we change a 1-link K into a 1-link J
by one pass-move in B as above, we make a change only in B and that we do not impose
any requirement on K or L other than the change only in B. For example, we do not
impose any requirement about the following facts. If K is a knot, in which order are the
four arcs put in K? If K is a link and not a knot, to which component of K does each
of the four arcs belong? See also [34, Note 2.2.(1)] for this reason.
The crossing-change on 1-links is also a local-move on 1-links. As you know, in the
1-link case local-moves are very useful for research. Thus it is very natural to consider
local-moves on high dimensional links. Indeed, in the high-dimensional-link case local-
moves are also very useful for research. In the high-dimensional-link case, we must begin
by considering what kind of local-moves are fruitful to research high dimensional links.
The ribbon-move on 2-links and the (p, q)-pass-move on (p + q − 1)-links, which we re-
view in this section, are two of natural ones. In this paper we discuss them. Local
moves on high dimensional knots were defined in [27, 29, 31] and have been researched
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in [16, 18, 27, 28, 29, 30, 31, 32, 33, 34, 35].
We explain the local-move on the 2-links after we review the definition of ribbon
spherical 2-links. Let m be a positive integer. A spherical 2-link L = (K1, ..., Km) is
called a ribbon spherical 2-link if L satisfies the following properties.
(1) There is a self-transverse immersion f : D31 ∐ ...∐D
3
m → S
4 such that f(∂D3i ) = Ki.
(2) The singular point set C (⊂ S4) of f consists of double points. C is a disjoint union
of 2-discs D2i (i = 1, ..., k), where k be a nonnegative integer.
(3) Let j ∈ {1, ..., k}. Let f−1(D2j ) = D
2
jB ∐ D
2
jS. The 2-disc D
2
jS is embedded in the
interior of a 3-disc component D3α for an integer α ∈ {1, ..., m}. The circle ∂D
2
jB is
embedded in the boundary of a 3-disc component D3β for an integer β ∈ {1, ..., m}. The
2-disc D2jB is embedded in the 3-disc component D
3
β. (Note that there are two cases,
α = β and α 6= β.)
It is well-known that ribbon spherical 2-links are changed into the trivial 2-link by a
kind of local-move. The local-move is what we call the ribbon-move, whose definition we
review below. The ribbon-move on smooth closed oriented 2-dimensional submanifolds
contained in S4 was defined in [29, Definition 1.1].
Definition 3.2. Let K+ and K− be (not necessarily connected or spherical) smooth
closed oriented 2-dimensional submanifolds contained in S4. We say that K− is obtained
from K+ by one ribbon-move if there is a 4-ball B embedded in S
4 with the following
properties.
(1) K+ and K− differ only in B.
(2) B∩K+ is drawn as in Figure 3.1.(1). B∩K− is drawn as in Figure 3.1.(2). In Figure
3.1.(1) (respectively, 3.1.(2)) we draw B as the product of a 3-ball and the t-axis, where
this 3-ball is drawn as the product of a 2-disc and the interval. B ∩ K+ (respectively,
B∩K−) is diffeomorphic to (an annulus)∐(a 2-disc), where ∐ denotes the disjoint union.
We draw B ∩K∗ by bold curves and B −K∗ by fine curves.
We now describe Figures 3.1.(1) and 3.1.(2) in more detail. B ∩ K+ (respectively,
B ∩K−), which is diffeomorphic to D
2 ∐ (S1 × [0, 1]), satisfies the following conditions.
* We regard B as (a closed 2-disc)×[0, 1]× {t| − 1 ≦ t ≦ 1}. Let Bt
=(a closed 2-disc)×[0, 1]×{t}. Note that B = ∪Bt. In Figure 3.1.(1) (respectively,
3.1.(2)), we draw B−0.5 with B−0.5∩K+, B0 with B0∩K+, and B0.5 with B0.5∩K+
(respectively, B−0.5 with B−0.5 ∩K−, B0 with B0 ∩K−, and B0.5 with B0.5 ∩K−).
We draw B∗∩K+ and B#∩K− by the bold line, where ∗,# ∈ {0.5, 0,−0.5}. We
draw ∂Bt by the fine line.
B ∩ K+ has the following properties: Bt ∩ K+ is empty for −1 ≦ t < 0 and
0.5 < t ≦ 1. B0 ∩ K+ is diffeomorphic to D
2 ∐ (S1 × [0, 0.3]) ∐ (S1 × [0.7, 1]).
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t=-0.5 t=0 t=0.5
K+ ∩B The t-axis
Figure 3.1.(1): Ribbon-move
t=-0.5 t=0 t=0.5
K− ∩B The t-axis
Figure 3.1.(2): Ribbon-move
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B0.5∩K+ is diffeomorphic to (S
1× [0.3, 0.7]). Bt∩K+ is diffeomorphic to S
1∐S1
for 0 < t < 0.5. (Here we draw S1 × [0, 1] to have the corner in B0 and in B0.5.
However we can let B ∩K+ in B be a smooth submanifold by making the corner
smooth naturally.)
B ∩ K− has the following properties: Bt ∩ K− is empty for −1 ≦ t < −0.5
and 0 < t ≦ 1. B0 ∩K− is diffeomorphic to D
2 ∐ (S1 × [0, 0.3])∐ (S1 × [0.7, 1]).
B−0.5∩K− is diffeomorphic to (S
1× [0.3, 0.7]). Bt∩K− is diffeomorphic to S
1∐S1
for −0.5 < t < 0.
In Figure 3.1.(1) (respectively, 3.1.(2)) there are an oriented cylinder S1× [0, 1]
and an oriented disc D2 as we stated above. We do not make any assumption
about the orientation of the cylinder and the disc. (Of course it holds that this
orientation of (the cylinder)∐(the disc) coincides with the orientation of B ∩K+
(respectively,
B ∩K− ).)
Suppose that K− is obtained from K+ by one ribbon-move and that K
′
− is isotopic
to K−. Then we also say that K
′
− is obtained from K+ by one ribbon-move. If K+ is
obtained from K− by one ribbon-move, then we also say that K− is obtained from K+ by
one ribbon-move. K+ and K− are said to be ribbon-move equivalent if there are 2-knots
K+ = K¯1, K¯2, ..., K¯r−1, K¯r = K−, where r is a positive integer, such that K¯i is obtained
from K¯i−1 (1 < i ≦ r) by one ribbon-move.
We have the following.
Theorem 3.3. (1) ([29, Main Theorem B].) Not all spherical 2-knots are ribbon-move-
equivalent to the trivial 2-knot.
(2) ([29, Note (2) to Main Theorem B].) There is a nonribbon spherical 2-knot which is
ribbon-move-equivalent to the trivial 2-knot.
Thus it is very natural to consider the following problem.
Problem 3.4. Classify 2-links (respectively, 2-knots) up to ribbon-move equivalence.
In [29, 30, 32] many partial solutions to Problem 3.4 are obtained. However this problem
remains open.
The (p, q)-pass-move on n-knots (p and q are positive integers and p+ q = n+ 1) was
defined in [27, section 3], and has been studied in [16, 27, 28, 29, 30, 31, 32, 33]. We
review the definition of the (p, q)-pass-move below. The (1,1)-pass-move on 1-links is
the pass-move on 1-links (the definition of the pass-move on 1-links is reviewed in §2).
We review the relation between the ribbon-move on 2-links and the (1,2)-pass-move on
2-links (Theorem 3.6).
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Each of Figures 3.2 and 3.3, which consists of the two figures (1) (2), represents a
diagram of the (p, q)-pass-move, where q = n + 1 − p. The figures are generalization of
the figure of the pass-move on 1-links which is drawn in §2. In Definition 3.5 we explain
the definition of the (p, q)-pass-move in more detail.
We use the terms ‘handle’ and ‘surgeries’ in this paper. See [1, 24, 38, 40] for the defini-
tion of handles (respectively, surgeries, the attaching parts of handles, the attached part,
other related terms to handles). Note that an a-dimensional q-handle hq is diffeomorphic
to Bq × Ba−q (respectively, Ba), where Br denotes the r-ball, and that the attaching
part of hq is diffeomorphic Sq−1 × Ba−q. Suppose that W is obtained by attaching a
k-handle hk to W0 and that W = W0 ∪ h
k is embedded in a manifold M . We say that
the submanifold W ⊂ M is obtained by attaching an embedded k-handle hk ⊂ M to the
submanifold W0 ⊂M .
Definition 3.5. Let n and p be positive integers. Let n + 1 − p > 0. We now define a
(p, n+ 1− p)-pass-move in a (n+ 2)-ball. We first explain Figures 3.2 and 3.3.
Regard an (n+ 2)-ball B = Dn+2 as [−1, 1]×Dp ×Dn+1−p as drawn in Figure 3.3.
Attach an embedded (n+1)-dimensional (n+1−p)-handle hn+1−p ⊂ {0}×Dp×Dn+1−p
to {0}× ∂(Dp×Dn+1−p) along {0}×{∗}× ∂Dn+1−p so that the core of hn+1−p coincides
with {0} × {∗} ×Dn+1−p (see Figures 3.2 and 3.3).
Attach an embedded (n+ 1)-dimensional p-handle hp ⊂ {0} ×Dp ×Dn+1−p to
{0} × ∂(Dp × Dn+1−p) along {0} × ∂Dp × {∗} so that the core of hp coincides with
{0} ×Dp × {∗}. Note hn+1−p ∩ hp 6= φ.
Move hp in B by using an isotopy with keeping hp ∩ ∂B, let the resultant submanifold
contained in {t ≧ 0} ×Dp ×Dn+1−p (respectively, {t ≦ 0} ×Dp ×Dn+1−p), and call the
submanifold hp+ (respectively, h
p
−). Suppose that h
p
+∩h
n+1−p = φ and that hp−∩h
n+1−p =
φ. (see Figures 3.2 and 3.3).
Let K+ and K− be n-dimensional closed oriented submanifolds contained in S
n+2.
Embed the (n+2)-ball B in Sn+2. Let K+ and K− differ only in B. Let K+ (respectively,
K−) satisfy the condition
K+ ∩ IntB = (∂h
p
+ − ∂B) ∪ (∂h
n+1−p − ∂B)
(respectively, K− ∩ IntB = (∂h
p
− − ∂B) ∪ (∂h
n+1−p − ∂B)),
where we suppose that there is not hp− (respectively, h
p
+) in B. Then we say that K+
(respectively, K−) is obtained from K− (respectively, K+) by one (p, n+1−p)-pass-move
in B.
In Definition 3.5, we have the following: Let ♯ ∈ {+,−}. There is a Seifert hypersurface
V♯ ⊂ S
n+2 forK♯ such that V♯∩B = h
p
♯∪h
n+1−p. (The idea of the proof is Thom-Pontrjagin
construction.) We say that V− (respectively, V+) is obtained from V+ (respectively, V−)
by a (p, n+ 1− p)-pass-move in B.
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Sp−1 ×Dn+1−p
Dp × Sn−p
= ∂hn+1−p − ∂B
B ∩K+ B ∩K−
= ∂hp+ − ∂B
hn+1−p hn+1−p
hp+
hp−
Figure 3.2: The (p, n+ 1− p)-pass-move on an n-dimensional closed submanifold
contained in Sn+2. Note B = Bn+2 = Dn+2 ⊂ Sn+2.
In Definition 3.5, note the following: Let V0 = V♯ − IntB
= the closure of ‘V♯ − (h
p
♯ ∪ h
n+1−p)′ in Sn+2.
We can say that we attach an embedded (n+1)-dimensional p-handle hp# ⊂ S
n+2 and an
embedded (n+1)-dimensional (n+1−p)-handle hn+1−p ⊂ Sn+2 to the (n+1)-dimensional
submanifold V0 ⊂ S
n+2, and obtain the (n+ 1)-dimensional submanifold V# ⊂ S
n+2.
We have the following.
Theorem 3.6. ([29, Propositions 4.2 and 4.3].) Let K and K ′ be 2-dimensional closed
oriented submanifolds contained in S4.
(1) The following conditions (i) and (ii) are equivalent.
(1) (i) K is (1,2)-pass-move-equivalent to K ′.
(1) (ii) K is ribbon-move-equivalent to K ′.
(2) If K is obtained from K ′ by one ribbon-move, then K is obtained from K ′ by one
(2) (1,2)-pass-move.
We draw the (1,2)-pass-move (the case p = 1, q = 2, and n = 2) in Figure 3.4,
which consists of the two figures (1) (2), as follows: Let K+ be obtained from K− by a
(1, 2)-pass-move in B. Thus B has the following properties according to Definition 3.5.
(i) K+ and K−differ only in B.
(ii) B ∩K+ and B ∩K− are shown in Figure 3.4.
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D  =[-1,1]1 
SD
p n   p
Figure 3.3.(1): The (p, n+ 1− p)-pass-move
Figure 3.3.(2): The (p, n+ 1− p)-pass-move
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We regard B as (a 2-disc)×[0, 1] × {t| − 1 ≦ t ≦ 1}. Let ∗ = +,−. We draw
B−0.5∩K∗, B0∩K∗, B0.5∩K∗, where Bξ=(a 2-disc)×[0, 1]×{t|t = ξ}. We suppose
that each vector −→x , −→y in Figure 3.4 is a tangent vector of each disc at a point.
(Note that we use −→x (respectively, −→y ) for different vectors.) The orientation of
each disc in Figure 3.4 is determined by the each ordered set {−→x ,−→y }. See more
explanation near [29, Figure 4.1 and 4.2].
Local moves on high dimensional submanifolds are exciting ways of explicit construc-
tion of high dimensional figures. They are also a generalization of local-moves on 1-links
as we saw in this section. They are useful to research link cobordism, knot cobordism,
and the intersection of submanifolds (see [27]). There remain many exciting problems.
Some of them are proper in high dimension and others are analogous to 1-dimensional
cases. For example, we do not know a local-move on high dimensional knots which is an
unknotting operation.
We proved the following relations between local moves on high dimensional knots and
several invariants of high dimensional knots.
In [27, Theorem 4.1] the following is proved: The (p+1, p+1)-pass-move on spherical
(2p + 1)-knots preserves the Arf invariant (respectively, the signature) if p is even (re-
spectively, odd). Furthermore the following is proved: Let p be even (respectively, odd).
Simple (2p+1)-knots, K and J , are (p+1, p+1)-pass-equivalent if and only if their Arf
invariant (respectively, their signature) are the same.
[27, Theorem 4.1] and [16, Proposition 12.1] imply the following: Let p be even (re-
spectively, odd). A (2p+ 1) knot K is (p+ 1, p+ 1)-pass-move equivalent to the unknot
if and only if K is a simple spherical knot and the Arf invariant (resp. the signature) is
zero in the case where p is even (resp. odd).
In [29, 30, 32, Their main theorems] the following are proved: The (1,2)-pass move
(respectively, the ribbon-move) on spherical 2-knots preserves the µ-invariant of 2-knots,
the Q/Z-valued η˜-invariants of 2-knots, the Farber-Levine pairing of 2-knots, and partial
information of the cup product of three elements in H1cpt(the complement of each 2-knot).
Theorem 3.3 and the results written below Problem 3.4 were proved by using a few of
these results.
In [31, Theorems 3.2 and 3.3] the following is proved: For the Alexander polynomial
A( ) of high dimensional knots we have an identity
A(K+)− A(K−) = (t− 1) ·A(K0)
associated with the twist move on (4k + 1)-dimensional knots, where k is a nonnegative
integer (respectively, the (p, q)-pass-move, where p 6= q, on high dimensional knots). The
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t=-0.5 t=0 t=0.5
x
y
x
y
K+ ∩B
Figure 3.4.(1): The (1,2)-pass-move
t=-0.5 t=0 t=0.5
y
x
K− ∩B
x
y
Figure 3.4.(2): The (1,2)-pass-move
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twist move is a kind of local moves on high dimensional knots, and is defined in [31,
section 3].
In [16, Theorem 9.2] the following is proved: For the Alexander polynomial A( ) of
(4k + 3)-dimensional knots (k is a nonnegative integer), we have an identity
A(K+)−A(K−) = (t+ 1) · A(K0)
associated with the twist move. It is a new type of local move identities of knot polyno-
mial. Note (t+ 1) in the right hand side. It is not (t− 1).
4. Main results on relations between local moves on knots and knot
products
It is very natural to consider the following problem: If codimension two closed oriented
submanifolds K and J in Sl are obtained from each other by a local-move, then for a
codimension two closed oriented submanifold A in Sw, are K⊗A and J⊗A are obtained
from each other by another local-move?
In [16] we considered this problem and obtained several results associated with this
problem. It means that we combined research of knot products and that of local moves
on high dimensional knots. Some of the results are as follows. In this paper we obtain
Main Theorems 4.2 and 4.4. Some other ones are in [18].
Let k be a positive integer. Let P ⊗k Q denote the knot product P ⊗Q⊗ ...⊗Q︸ ︷︷ ︸
k
. Let
P ⊗0 Q denote P . In [16, Theorem 8.1] we proved the following: Let µ be a positive
integer. If a 1-knot A is obtained from a 1-knot B by one pass-move, then A⊗µ Hopf is
obtained from B ⊗µ Hopf by one (2µ+ 1, 2µ+ 1)-pass-move.
In [16, Theorem 8.10] we proved the following: Let A be a 1-knot. Let µ be a positive
integer. Let J = A⊗µHopf. Let K be obtained from J by one (2µ+1, 2µ+1)-pass-move.
Then there is a 1-knot B such that K = B ⊗µ Hopf and such that A is pass-equivalent
to B.
[16, Theorems 8.1 and 8.10] imply the following: Let µ be a positive integer. A 1-knot
A is pass-equivalent to a 1-knot B if and only if A ⊗µ Hopf is (2µ + 1, 2µ + 1)-pass-
equivalent to B ⊗µ Hopf.
[16, Theorem 4.1] proved the following: Suppose that two 1-links J and K differ by a
single crossing change. Let µ be a positive integer. Then the knot products, J ⊗µ Hopf
and K ⊗µ Hopf, differ by a single twist-move. The twist-move is a kind of local moves,
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which is defined in [31, section 3], as written in the last part of §3.
[16, Theorem 7.1] proved the following: Let m and ν be nonnegative integers. Suppose
that two (not necessarily connected or spherical) (2m + 1)-dimensional closed oriented
submanifolds, J and K, of S2m+3 differ by a single twist-move. Then the (2m+ 2ν + 1)-
submanifolds, J ⊗ν [2] and K ⊗ν [2], of S2m+2ν+3 differ by a single twist-move. Note that
the twist move on 1-links is the crossing change on those (see [31, section 3]).
Note 4.1. Let [2] be the empty knot of degree two, which is defined in [11, line 7 in
section 2] and [15, the last line of Definition 2.1 and the fifth line of Definition 3.1].
We have Hopf= [2]⊗ [2]. Recall that Hopf link is a Brieskorn submanifold as written
in [25]. See [11, the sixth line from the bottom of page 1106] and [15, the last sentence
of §6, and the first remark in page 390].
[16, Theorem 7.3] proved the following: Let k be a positive integer. LetK (respectively,
J) be (4k+5)-submanifold of S4k+7. Suppose that K and J differ by a single twist-move
and are not isotopic. Suppose that K is isotopic to A ⊗k+1 Hopf for a 1-knot A. Then
there is a unique equivalence class of simple (4k + 1)-knots for K (respectively, J) with
the following properties.
(i) There is a representative element K ′ of the above equivalence class for K such that
K is isotopic to K ′ ⊗ Hopf.
(ii) There is a representative element J ′ of the above equivalence class for J such that J
is isotopic to J ′ ⊗Hopf.
(iii) K ′ and J ′ differ by a single twist-move and are not isotopic.
In this paper we obtain the following results on relations between knot products and
local moves on knots.
Main Theorem 4.2. Let J and K be 1-links in S3. Suppose that J is obtained from
K by a single pass-move. Let k be a positive integer. Then J ⊗k Hopf is obtained from
K ⊗k Hopf by a single (2k + 1, 2k + 1)-pass-move.
Note. (1) [16, Theorem 8.1] proved the case where J is a 1-component 1-link.
(2) The converse of Main Theorem 4.2 is false by [35, Theorem 1.6.(1)].
Main Theorem 4.2 implies Theorems 4.3.(1) and 4.3.(3). (We prove Theorem 4.3 in §6.)
Theorem 4.3. (1) Let a, b, a′, b′ and k be positive integers. If the (a, b) torus link is
pass-move equivalent to the (a′, b′) torus link, then the Brieskorn manifold Σ(a, b, 2, ..., 2︸ ︷︷ ︸
2k
)
is diffeomorphic to Σ(a′, b′, 2, ..., 2︸ ︷︷ ︸
2k
) as submanifolds.
19
(2) The converse of (1) is false in general.
(3) If two 1-links J and K are pass-move equivalent, then J ⊗k Hopf is diffeomorphic to
K ⊗k Hopf.
Main Theorem 4.4. Let J andK be (not necessarily connected or spherical) 2-dimensional
closed oriented submanifolds in S4. Suppose that J is obtained from K by a single ribbon-
move. Let k be an integer≥ 2. Then J ⊗k Hopf is obtained from K ⊗k Hopf by a single
(2k + 1, 2k + 2)-pass-move.
Note. The converse of Main Theorem 4.4 is false by [16, Theorem 8.12].
Let n be a positive integer. Let α be a sufficiently large positive integer. Main
Theorems 2.3, 4.2, and 4.4 connect the classification problem of n-knots by a local-
move-equivalence with that of (n + α)-dimensional stable knots by another local-move-
equivalence. Of course the latter classification problem is easier than the former one
by results in [5, 6, 7, 8, 9]. See also [5, 6, 7, 8, 9] for the definition of stable knots.
(If n = 1, 2, ‘stable’ is replaced by ‘simple’.) Thus we can consider lower and higher
dimensional knots together.
5. Proof of Main Theorem 4.4
The idea of the proof is as follows. Take a Seifert hypersurface VJ (respectively VK) for
J (respectively K) such that VJ and VK differ only in the 4-ball where the one ribbon-
move is carried out. We make a Seifert hypersurface VJ⊗kHopf (respectively VK⊗kHopf) for
J ⊗k Hopf (respectively K ⊗k Hopf) from VJ (respectively VK) by using Lemmas 5.3 and
5.4 such that VJ⊗kHopf and VK⊗kHopf differ only by one (2k + 1, 2k + 2)-pass-move in a
(4k + 4)-ball of S4k+4. Their difference implies that J ⊗k Hopf and K ⊗k Hopf differ by
one (2k + 1, 2k + 2)-pass-move.
Letm be a nonnegative integer. Recall that Hopf=[2]⊗[2]. We point out that there are
not a Seifert hypersurface VJ⊗2m+1[2] for J ⊗
2m+1 [2] and a Seifert hypersurface VK⊗2m+1[2]
for K ⊗2m+1 [2] which are diffeomorphic in general although the above VJ⊗kHopf and
VK⊗kHopf have the above property.
We need the following lemmas in order to prove Main Theorem 4.4.
By Theorem 3.6, J and K differ only by a single (1,2)-pass-move in a 4-ball B4 em-
bedded in S4. By using Pontrjagin-Thom construction, we have the following Lemma
5.1. In Figure 5.1 we draw J ∩ B4 and K ∩B4.
Lemma 5.1. There is a Seifert hypersurface VJ (respectively, VK) for J (respectively,
K) such that VJ ∩ B
4 (respectively, VK ∩B
4) is
(a 3-dimensional 1-handle)∐ (a 3-dimensional 2-handle) as in Definition 3.5.
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B4 ∩ J B
4 ∩K
S1 ×B1
S0 ×B2
Figure 5.1: The (1,2)-pass move changes a 2-dimensional closed oriented
submanifolds J ⊂ S4 into K ⊂ S4.
A 3-dimensional 2-handleA 3-dimensional 1-handle
VK ∩ B
4
VJ ∩ B
4
Figure 5.2: The (1,2)-pass move changes the Seifert hypersurfaces VJ for J
into VK for K.
In Figure 5.2 we draw VJ ∩ B
4 and VK ∩ B
4.
Remark on Handle Notation. Take a handle decomposition of VJ (respectively, VK)
which consists of a single 3-dimensional 0-handle h0J (respectively, h
0
K), the above 3-
dimensional 1-handle, the above 3-dimensional 2-handle and other handles. Call this
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B4
N(B4)
V
Figure 5.3: The tubular neighorhood N(B4) and the handle H2
H2
3-dimensional 1-handle h1J (respectively, h
1
K). Call this 3-dimensional 2-handle h
2
J (re-
spectively, h2K). We abbreviate by removing the subscript J (respectively, K) when this
is clear from the context.
Lemma 5.2. Under the assumption of Lemma 5.1, we can suppose that the attached part
of the 3-dimensional 1-handle h1 (respectively, 2-handle h2) is embedded in the boundary
of the 3-dimensional 0-handle h0.
Note. Take a handle decomposition of a connected compact manifold. Let i be a positive
integer. It does not hold in general that the attached part of each i-handle is embedded
in the boundary of a 0-handle.
Proof of Lemma 5.2. Take the tubular neighborhood N(B4) of B4 in S4. Note suppose
that there exists an orientation preserving diffeomorphism map ν : N(B4) → B4 such
that ν|V ∩N(B4) : V ∩N(B
4)→ V ∩B4 is an orientation preserving diffeomorphism map.
Note h2 in Lemma 5.1. Take a 4-dimensional 2-handle H2 embedded in (IntN(B4))−B4
and attach it to V so that the attached part of H2 is contained in h2. See Figure 5.3.
This surgery makes a new Seifert hypersurface, and call it V again.
Let ∗ = 1, 2 and let h∗ ∩ B4 be a new h∗. Take a 3-dimensional 0-handle h0 in
(∂(H3))−Int(the attached part) so that ‘the attached part of h2’ is embedded in h0.
By using an isotopy and cancellation of handles in V , we can assume that
‘(the attached part of h1) ∐ (that of h2)’ is embedded in h0 (respectively, ∂B4) and that
h1 ∐ h2 is embedded in B4.
Thus we obtain a handle decomposition that satisfies the condition of Lemma 5.2. 
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Recall the empty knot [2], and the relation, Hopf link= [2]⊗ [2], in Note 4.1.
By the definition of knot products, we have the following.
Lemma 5.3. (This lemma follows from [15, Lemma 3.4] which is cited in §2.)
Let p be a nonnegative integer. Let E be a p-dimensional (not necessarily connected or
spherical) closed oriented submanifold contained in Sp+2. The (p+2)-dimensional closed
oriented submanifold E ⊗ [2] in the standard (p+ 4)-sphere is constructed as follows:
Take the standard (p+2)-sphere Sp+2 in the standard (p+4)-sphere Sp+4 in the stan-
dard position. Take E in Sp+2. There is a submanifold S ′p+2 of Sp+4 with the following
properties: Sp+2 is ambient isotopic to S ′p+2, keeping E. Sp+2 intersects S ′p+2 trans-
versely at E. Note that Sp+2 ∩ S ′p+2 in Sp+2 (respectively, S ′p+2) is the submanifold E
of Sp+2 (respectively, S ′p+2).
Take the double branched cyclic covering space of Sp+4 along Sp+2.
Then Sp+4 becomes the standard (p+4)-sphere again, and call it S ′p+4. S ′p+2 becomes
a closed oriented submanifold contained in S ′p+4. This submanifold is E ⊗ [2] ⊂ S ′p+4.
E ⊗ [2]
embedding
−−−−−−→ S ′p+4
branched along E
y
ybranched along Sp+2
S ′p+2 −−−−−−→
embedding
Sp+4
Proof of Lemma 5.3. Let ν be a positive integer. Define τν : D
2 → D2 as follows:
Let D2 = {(a, b)|a2 + b2 ≦ 1}. Let τν((0, 0)) = (0, 0). Let θ ∈ R. Let 0 < r ≦ 1. Let
τν((r · cosθ, r · sinθ)) = (r · cos (ν · θ), r · sin (ν · θ)).
Take the diagram in [15, Lemma 3.4], which is cited in §2.
bν(D
p+3, F ) −−−→ D2
y
yτν
Dp+3
γ
−−−→ D2
Recall that γ−1((0, 0)) = F and that the submanifold ∂F ⊂ ∂Dp+3 is equal to the
submanifold E of the standard (p+ 2)-sphere.
Recall that bν(D
p+3, F ) = {(x, (a, b)) ∈ Dp+3 × D2|γ(x) = τν((a, b))}, and that
∂(bν(D
p+3, F )) ⊂ ∂(Dp+3 ×D2) is the submanifold E ⊗ [ν] ⊂ Sp+4.
Let σ2 : D
p+3 ×D2 → Dp+3 ×D2 be a map (id, τ2). Note that the map σ2 is a double
branched cyclic covering whose branch set is Dp+3×{(0, 0)}. Note that ∂(Dp+3×{(0, 0)})
⊂ ∂(Dp+3×D2) is the standard position of (p+2)-sphere in the standard (p+4)-sphere,
and hence is the trivial (p + 2)-knot, and let it be Sp+2. Note that Imσ2|∂(Dp+3×D2)
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is ∂(Dp+3 × D2), and that σ2|∂(Dp+3×D2) : ∂(D
p+3 ×D2) → ∂(Dp+3 ×D2) is a double
branched cyclic cover whose branch set is ∂(Dp+3 × {(0, 0)}) which is Sp+2.
Consider b1(D
p+3, F ) ⊂ Dp+3 ×D2 and b2(D
p+3, F ) ⊂ Dp+3 ×D2. Note that
σ−12 (b1(D
p+3, F )) = b2(D
p+3, F ) and that σ2 : b2(D
p+3, F ) → b1(D
p+3, F ) is a double
branched cyclic covering whose branch set is F × {(0, 0)}.
Since τ1((a, b)) = (a, b), we have b1(D
p+3, F ) = {(x, (a, b)) ∈ Dp+3×D2|γ(x) = (a, b)}.
Hence (b1(D
p+3, F ), Dp+3 ×D2) is a trivial pair of (the (p+ 3)-ball, the (p+ 5)-ball) by
a diffeomorphism of the (p+5)-ball. Hence ∂(b1(D
p+3, F )) ⊂ ∂(Dp+3×D2) is the trivial
p-knot, and let it be S ′p+2.
Note the following: inDp+3×D2, we have (Dp+3×{(0, 0)})∩b1(D
p+3, F ) = F×{(0, 0)}.
Dp+3 × {(0, 0)} is ambient isotopic to b1(D
p+3, F ) in Dp+3 × D2, keeping F × {(0, 0)}.
By the definition of γ, Dp+3 × {(0, 0)} intersects b1(D
p+3, F ) transversely.
Therefore we have that, in ∂(Dp+3 ×D2), we have Sp+2 ∩ S ′p+2 = ∂(F × {(0, 0)}).
Recall that the submanifold ∂(F × {(0, 0)}) ⊂ ∂(Dp+3 × {(0, 0)}) is equal to the
submanifold E ⊂ Sp+2.
Hence we have the following: Sp+2 is ambient isotopic to S ′p+2 in Sp+4, keeping
Sp+2 ∩ S ′p+2. Sp+2 ∩ S ′p+2 in Sp+2 (respectively, S ′p+2) is the submanifold E of Sp+2
(respectively, S ′p+2).
Therefore Im σ2|∂(b2(Dp+3,F )) is S
′p+2, and that σ2|∂(b2(Dp+3,F )) : ∂(b2(D
p+3, F ))→ S ′p+2
is a branched cyclic covering whose branch set is E.
Recall that ∂(b2(D
p+3, F )) ⊂ ∂(Dp+3 ×D2) is the submanifold E ⊗ [2] ⊂ S ′p+4.
Hence Lemma 5.3 holds. 
We have the following lemma. We use properties of branched cyclic covering spaces
written in [12, §XII].
Lemma 5.4. (This lemma follows from [15, Lemma 3.4] which is cited in §2, [12,
§XII], and Lemma 5.3.) Take the manifolds and the submanifolds of Lemma 5.3.
(1) A Seifert hypersurface W for E ⊗ [2] is constructed as follows (Note E ⊗ [2] ⊂W
⊂ S ′p+4).
Embed a (p+3)-ball D′p+3 in Sp+4 which is a Seifert hypersurface for S ′p+2 and which
intersects Sp+2 transversely. When we take the double branched cyclic covering space of
S ′p+2 defined in Lemma 5.3, D′p+3 becomes a Seifert hypersurface W for E ⊗ [2].
(2) Furthermore W has the following properties.
The map W → D′p+3 is a double branched cyclic covering whose branch set is V
= D′p+3 ∩ Sp+2. Note that ∂V = E = Sp+2 ∩ S ′p+2 and that V (⊂ Sp+2) is a Seifert
hypersurface for E.
V has the following property: Take a Seifert hypersurface V ′(⊂ S ′p+2) for E. V ′ and
V are moved each other in D′p+3 by an isotopy, keeping ∂V ′ = ∂V = E.
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E ⊗ [2] = ∂W
embedding
−−−−−−→ W
embedding
−−−−−−→ S ′p+4
branched along E
y branched along V
y
ybranched along Sp+2
S ′p+2 = ∂D′p+3 −−−−−−→
embedding
D′p+3 −−−−−−→
embedding
Sp+4
Thus the manifold W is constructed as follows: Take the tubular neighborhood N(V ′)
of V ′ in S ′p+2. Take two copies of D′p+3. Attach the two copies of D′p+3 by identifying
two N(V ′) by the identity map.
Note. We use B♯ for the ball where the local-moves are carried out. So we use D♮ for
the above ball.
By the assumption, J(⊂ S4) and K(⊂ S4) differ only in the interior of the 4-ball B4
⊂ S4. Furthermore recall the following. There is a Seifert hypersurface VJ (respectively,
VK) for J (respectively, K) with the following properties:
(1) VJ and VK differ only in the interior of the 4-ball B
4 ⊂ S4.
(2) VZ ∩ B
4 (Z = J,K) is the disjoint union of a 1-handle h1Z and a 2-handle h
2
Z .
(3) h∗Z (∗ = 1, 2) is attached to VZ−IntB
4 by the trivial framing.
By [15, Lemma 3.4], [12, §XII], Lemmas 5.3 and 5.4, we have the following.
Claim 5.5. (1) There is a Seifert hypersurface VJ⊗[2] (respectively, VK⊗[2]) for J ⊗ [2]
(respectively, K ⊗ [2]) ⊂ S6 such that VJ⊗[2] and VK⊗[2] differ only in the 6-ball B
6 ⊂ S6,
and such that VZ⊗[2] ∩ B
6 is h2Z⊗[2] ∐ h
3
Z⊗[2], where Z = J,K, and h
∗
Z⊗[2](∗ = 2, 3) is
a 5-dimensional ∗-handle attached to VZ⊗[2]−IntB
6 whose attached part is embedded in
VZ⊗[2] ∩ B
6.
(2) VZ⊗[2] is made from VZ as written in Lemma 5.4. Suppose that
VZ = h
0
Z ∪ ... ∪ h
1
Z,1... ∪ h
1
Z,a ∪ h
2
Z,1... ∪ h
2
Z,b is a handle decomposition of VZ , where a and
b are positive integers, and h∗Z,1 = h
∗
Z(∗ = 1, 2). Then VZ⊗[2] has a handle decomposition
VZ⊗[2] = h
0
Z⊗[2]∪...∪h
2
Z⊗[2],1...∪h
2
Z⊗[2],a∪h
3
Z⊗[2],1...∪h
3
Z⊗[2],b such that h
∗+1
Z⊗[2],# (# = 1, ..., a
if ∗ = 1 and # = 1, ..., b if ∗ = 2) is made from h∗Z,# as written in [12, §XII], and such
that h∗+1
Z⊗[2],1 = h
∗+1
Z⊗[2].
Recall that, by Lemma 5.1, in VZ , h
1
Z and h
2
Z is attached to h
0
Z by the trivial framing.
Hence we have the following.
Claim 5.6. Let ∗ = 1, 2.
(1) We have that h∗Z ∪ h
0
Z is S
∗ × (the (3− ∗)-ball).
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(2) Regard h∗Z∪h
0
Z in (1) as the trivial (3−∗)-ball-bundle ξ over S
∗. Regard S4 as ∂D5 as
written in Lemma 5.4. Regard S∗×{0} as the boundary of an (∗+1)-ball Bˇ∗+1 embedded
in ⊂ D5. Note that there is a framing s on ξ with the following properties: Restrict the
normal bundle h∗Z ∪h
0
Z of S
4 to S∗×{0}, and call the bundle ε. Make a framing on ξ⊕ε
by using s and the trivial framing on ε, and call the framing t. Take the normal bundle
ν of Bˇ∗+1 of D5. Note that ν|∂Bˇ∗+1 is ξ ⊕ ε.
Then we have the following: The framing t is extended over ν.
(3) h∗+1Z⊗[2] is attached to h
0
Z⊗[2] by the trivial framing.
Note that the union of two copies of Bˇ∗+1 is the core of h∗+1
Z⊗[2] ∪ h
0
Z⊗[2], where the two
copies are made when we take the double branched cyclic cover in Lemma 5.4.
Definition 5.7. Let n and l be nonnegative integers. Let P be an n-dimensional closed
oriented submanifold of Sn+2. Let X be a Seifert hypersurface for P . Let B be the
(n + 2)-ball embedded in Sn+2. Assume that X has a handle decomposition with the
following properties: It consists of only one 0-handle h0, and l-handles if n = 2l − 1
(respectively, (l + 1)-handles and (l + 2)-handles if n = 2l).
Suppose the following: X ∩ B is a disjoint union of two l-handles if n = 2l − 1
(respectively, an (l+ 1)-handle hl+1 and an (l+ 2)-handle hl+2 if n = 2l). The attaching
part of the two handles are embedded in ∂h0. Note that the attaching parts are embedded
in ∂B. These two handles are attached by the trivial framing.
We say that P , X , the two handles, and B have a property H if the following two
bundles are equivalent.
(1) Suppose that each of the two handles is attached to ∂h0 with the trivial framing. Let
hk be the k-handle. Regard hk ∪ h0 as Sk × (the (n− k)-ball). Suppose that Sk × {∗} is
bounded by the (k+1)-ball Bˆ embedded in Sn+2. The outer vector of Bˆ makes a bundle
over Sk × {∗}.
(2) Restrict the normal bundle of hk ∪ h0 in Sn+2 to Sk × {∗}.
Note. Although ‘the two bundles (1) and (2) over Sk × {∗} inDefinition 5.7’ may not
be equivalent, the property H requests that the two bundles are equivalent.
By [15, Lemma 6.1, its proof and section 6], we have the following.
Claim 5.8. K ⊗ [2], Z ⊗ [2], h2Z⊗[2], h
3
Z⊗[2] and B
6 in Claim 5.6 have the property H.
By [15, Lemma 3.4], [12, §XII], Lemmas 5.3, 5.4, and [15, Lemma 6.1, its proof and
section 6], we have the following. We use a mathematical induction on m.
Claim 5.9. Let m be a nonnegative integer.
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(1) There is a Seifert hypersurface VJ⊗m[2] (respectively, VK⊗m[2]) for J⊗
m[2] (respectively,
K ⊗m [2]) ⊂ S2m+4 such that VJ⊗m[2] and VK⊗m[2] differ only in the (2m+ 4)-ball B
2m+4
⊂ S2m+4, and such that VZ⊗m[2] ∩ B
2m+4 (Z = J,K) is hm+1Z⊗[2] ∐ h
m+2
Z⊗m[2], and h
m+∗
Z⊗m[2](∗
= 1, 2) is a (2m + 3)-dimensional (m + ∗)-handle attached to VZ⊗m[2]−IntB
2m+4 whose
attached part is embedded in VZ⊗m[2] ∩ B
2m+4.
(2) VZ⊗m+1[2] is made from VZ⊗m[2] as written in Lemma 5.4. Suppose that
VZ⊗m[2] = h
0
Z⊗m[2] ∪ ...∪ h
m+1
Z⊗m[2],1... ∪ h
m+1
Z⊗m[2],a ∪ h
m+2
Z⊗m[2],1... ∪ h
m+2
Z⊗m[2],b is a handle decom-
position of VZ⊗m[2], where a and b are positive integers, and h
m+∗
Z⊗m[2],1 = h
m+∗
Z⊗m[2](∗ = 1, 2).
Then VZ⊗m+1[2] has a handle decomposition
VZ⊗m+1[2] = h
0
Z⊗m+1[2] ∪ ... ∪ h
m+2
Z⊗m+1[2],1... ∪ h
m+2
Z⊗m+1[2],a ∪ h
m+3
Z⊗m+1[2],1... ∪ h
m+3
Z⊗m+1[2],b such
that hm+2
Z⊗m+1[2],# (# = 1, ..., a) is made from h
m+1
Z⊗m[2],# as written in [12, §XII], such that
hm+3
Z⊗m+1[2],# (# = 1, ..., b) is made from h
m+2
Z⊗m[2],#, and such that
hm+1+∗
Z⊗m+1[2],1 = h
m+1+∗
Z⊗m+1[2](∗ = 1, 2).
(3) Z ⊗m [2], VZ⊗m[2], h
m+1
Z⊗m[2], h
m+2
Z⊗m[2], and B
2m+4 have the property H.
We have the following.
Claim 5.10. Let W 3 be a submanifold VJ−IntB
4 of S4. Note that the submanifold
VK−IntB
4 of S4 is also W 3. Let A2 be a closed oriented 2-dimensional submanifold ∂W 3
of S4. Call VZ⊗[2]−IntB
6, W 5. Let A4 be a closed oriented 4-dimensional submanifold
∂W 5 of S6. We have that A4 = A2 ⊗ [2] and that A4 is simply connected.
We have the following.
Claim 5.11. Let m be a positive integer. Let W 2m+3 be a submanifold VZ⊗m[2]−B
2m+4 of
S2m+4. Let A2m+2 be a submanifold ∂W 2m+3 of S2m+4. We have that A2m+2 = A2⊗m [2]
and that A2m+2 is m-connected.
Let Q be a compact manifold with a handle decomposition. Let hq be a q-handle in
the handles of the handle decomposition. If the core of the attached part of hq is null-
homologous in the (q − 1)-handle body of the handle decomposition, hq represents an
element in Hq(Q;Z), and let [h
q] denote the element.
Let ξ and ζ be cycles in a compact oriented manifold R. Let ξ · ζ in R denote the
intersection product of ξ and ζ in R. We sometimes delete ‘in R’ when this is clear from
the context.
By Lemma 5.2, [h1Z ] and [h
2
Z ] make sense. Recall that the attached part of h
m+ε
Z⊗m[2](ε
= 1, 2) is embedded in the (2m+3)-dimensional 0-handle in VZ⊗m[2]. Hence [h
m+1
Z⊗m[2]] and
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[hm+2Z⊗m[2]] make sense. By the assumption of Main Theorem 4.4
[h1J ] · [h
2
J ] in V
3
J = [h
1
K ] · [h
2
K ] in VK .
By [15, Proposition 6.2 and §6] we have the following lemma.
Lemma 5.12. Let k be a positive integer, and m = 2k. Let Z = J,K. We have
[hm+1
Z⊗m[2]] · [h
m+2
Z⊗m[2]] in VZ⊗m[2] = [h
1
Z ] · [h
2
Z ] in VZ .
Note. Recall Z ⊗2k [2] = Z ⊗k Hopf. Note the difference between Lemma 5.12 and
Lemma 5.17.
By this lemma, we have the following: if m = 2k and k is a positive integer,
[hm+1J⊗m[2]] · [h
m+2
J⊗m[2]] in VJ⊗m[2] = [h
m+1
K⊗m[2]] · [h
m+2
K⊗m[2]] in VK⊗m[2].
Therefore we have the following.
Claim 5.13. Let SˇmZ (respectively, Sˇ
m+1
Z ) be the standard m-(respectively, (m+1))-sphere
which is the core of the attached part of the handle hm+1
Z⊗m[2] (respectively, h
m+2
Z⊗m[2]). Then
there is a diffeomorphism map
f : VJ⊗m[2]−IntB
2m+4 → VK⊗m[2]−IntB
2m+4
such that f |∂(VJ⊗m[2]−IntB2m+4) carries the homology class of Sˇ
m
J (respectively, Sˇ
m+1
J ) to
that of SˇmK (respectively, Sˇ
m+1
K ).
Note that the submanifold ∂(VJ⊗m[2] − IntB
2m+4) of S2m+4 is A2m+2, which is defined
in Claim 5.11.
By [10, 41, 42], we have the following.
Claim 5.14. Let m ≧ 4. The embedding type of Sˇm (respectively, Sˇm+1) in A2m+2 is
unique if the homology class [Sˇm] (respectively, [Sˇm+1]) in A2m+2 is fixed.
Therefore we have the following.
Claim 5.15. There is a diffeomorphism map from VJ⊗m[2]−IntB
2m+4 to VK⊗m[2]−IntB
2m+4
such that the image of the attached part of hm+∗J⊗m[2] is that of h
m+∗
K⊗m[2] (∗ = 1, 2).
Recall that hm+∗Z⊗m[2] (∗ = 1, 2.Z = J,K) is attached by the trivial framing to the only
one 0-handle in VZ⊗m[2]−IntB
2m+4. Therefore the diffeomorphism in Claim 5.15 extends
to one from VJ⊗m[2] to VK⊗m[2].
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By [15, Proposition 6.2 and §6] we have the following lemma.
Lemma 5.16. Let m = 2k and k a positive integer. The Z-Seifert pairing of [hm+1Z⊗m[2]]
and [hm+2
Z⊗m[2]] associated with the Seifert hypersurface VZ⊗m[2] is equal to
(−1)k×(that of [h1Z ] and [h
2
Z ] associated with VZ).
Note that the handles, hm+1
Z⊗m[2] and h
m+2
Z⊗m[2], embedded in B
2m+4
Z⊗2m
are attached to
∂B2m+4
Z⊗2m
. Note that the embedding type of the disjoint union of the attached part of
hm+1Z⊗m[2] and that of h
m+2
Z⊗m[2] in ∂B
2m+4
Z⊗2m
is only one.
Recall that hm+1Z⊗m[2] and h
m+2
Z⊗m[2] are embedded in B
2m+4
Z⊗2m
. Let B˜m+1 be the core of
hm+1Z⊗m[2]. Note that we regard [B˜
m+1, ∂(B˜m+1)] as an element in
Hm+1(B
2m+4
Z⊗2m
− hm+2Z⊗m[2], ∂(B
2m+4
Z⊗2m
− hm+2Z⊗m[2]);Z). Here, we use the following notation: Let
E be a sub-topological space of a topological space F . Let E denote the closure of E in
F .
By [15, Lemma 3.4], [12, §XII], Lemmas 5.3 and 5.4, there is a one-to-one correspon-
dence between the following two sets (1) and (2) if m is an integer≥ 2.
(1) The set of the embedding type of the disjoint union of hm+1
Z⊗m[2] and h
m+2
Z⊗m[2] in B
2m+4
Z⊗2m
,
keeping their attached part.
(2) The set Hm+1(B
2m+4
Z⊗2m
− hm+2Z⊗m[2], ∂(B
2m+4
Z⊗2m
− hm+2Z⊗m[2]);Z).
Furthermore there is a one-to-one correspondence between the above (2) and the fol-
lowing (3).
(3) The set of the Z-Seifert pairing of [hm+1
Z⊗m[2]] and [h
m+2
Z⊗m[2]] associated with the Seifert
hypersurface VZ⊗m[2].
Therefore VJ⊗m[2] and VK⊗m[2] differ by a single (m + 1, m + 2)-pass-move if m = 2k,
where k is any integer≥ 2.
Hence J ⊗k Hopf is obtained from K ⊗k Hopf by a single (2k + 1, 2k + 2)-pass-move
where k is any integer≥ 2.
This completes the proof of Main Theorem 4.4. 
Note. [15, Proposition 6.2 and §6], [16, Proposition 5.4 and section 5], and [22, section
7] imply Lemma 5.17 and 5.18.
Lemma 5.17. Let k be a nonnegative integer. If m = 2k + 1,
[hm+1Z⊗m[2]] · [h
m+2
Z⊗m[2]] in VZ⊗m[2] 6= [h
1
Z ] · [h
2
Z ] in VZ (Z = J,K) in general.
Note the difference between Lemma 5.12 and Lemma 5.17.
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Lemma 5.18. Let k be a positive integer. J⊗2k+1[2] and K⊗2k+1[2] are not diffeomorphic
or homeomorphic in general
By this lemma we have the following: Let k be a positive integer. J ⊗2k+1 [2] and
K ⊗2k+1 [2] are not (2k + 2, 2k + 3)-pass-move equivalent in general.
6. Proof of Main Theorem 4.2
The idea of the proof is similar to that in §5: Take a Seifert hypersurface VJ (respectively
VK) for J (respectively K) such that VJ and VK differ only in the 3-ball where the one
pass-move is carried out. We make a Seifert hypersurface VJ⊗kHopf (respectively VK⊗kHopf)
for J ⊗k Hopf (respectively K ⊗k Hopf) from VJ (respectively VK) by using Lemmas 5.3
and 5.4 such that VJ⊗kHopf and VK⊗kHopf differ only by one (2k+ 1, 2k+ 1)-pass-move in
a (4k + 3)-ball of S4k+3. Their difference implies that J ⊗k Hopf and K ⊗k Hopf differ
by one (2k + 1, 2k + 1)-pass-move.
Let m be a nonnegative integer. We point out that there are not a Seifert hypersurface
VJ⊗2m+1[2] for J ⊗
2m+1 [2] and a Seifert hypersurface VK⊗2m+1[2] for K ⊗
2m+1 [2] which are
diffeomorphic in general although VJ⊗kHopf = VJ⊗2m[2] and VK⊗kHopf = VK⊗2m[2] have the
above property.
We prove Theorem 4.3 by using Main Theorem 4.2 before proving Main Theorem 4.2.
Proof of Theorem 4.3. We first prove Theorem 4.3.(1). Let K(a,b) denote the (a, b)
torus link. By Main Theorem 4.2 K(a,b) ⊗
k Hopf is (2k+ 1, 2k+ 1)-pass-move equivalent
to K(a′,b′)⊗
kHopf. Hence K(a,b)⊗
kHopf is diffeomorphic to K(a′,b′)⊗
kHopf. By ([11, the
sixth line from the bottom of page 1106], K(a,b) ⊗
k Hopf (respectively, K(a′,b′) ⊗
k Hopf)
is diffeomorphic to Σ(a, b, 2, ..., 2︸ ︷︷ ︸
2k
) (respectively, Σ(a′, b′, 2, ..., 2︸ ︷︷ ︸
2k
)). Hence Σ(a, b, 2, ..., 2︸ ︷︷ ︸
2k
) is
diffeomorphic to Σ(a′, b′, 2, ..., 2︸ ︷︷ ︸
2k
).
We prove Theorem 4.3.(3). By the assumption, J and K are pass-move equivalent.
Therefore, by Main Theorem 4.2, J ⊗k Hopf is pass-move equivalent to K ⊗k Hopf.
Hence J ⊗kHopf is diffeomorphic to K⊗kHopf. Note that Theorem 4.3.(1) follows from
Theorem 4.3.(3).
We prove Theorem 4.3.(2). By [37, Exercise 8 in p.177-178] and [12, Theorem 10.4 in
p.261], there are the torus knots, K(a,b) and K(a′,b′), such that the Arf invariant of K(a,b)
is different from that of K(a′,b′). Hence K(a,b) is not pass-move equivalent to K(a′,b′) by
[12, Proposition 5.6 in page 77 and Corollary in page 260].
By ([11, the sixth line from the bottom of page 1106], K(a,b)⊗Hopf (respectively,
K(a′,b′)⊗Hopf) is diffeomorphic to Σ(a, b, 2, 2) (respectively, Σ(a
′, b′, 2, 2)). By Theorem
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A 2-dimensional 1-handleA 2-dimensional 1-handle
VK ∩ B
3
VJ ∩ B
3
Figure 6.1: The pass move on the Seifert surface for 1-links
2.2, K(a,b)⊗Hopf (respectively, K(a′,b′)⊗Hopf) is PL homeomorphic to the standard 5-
sphere. By [20], we have the following. if a smooth 5-manifoldM is orientation preserving
PL homeomorphic to the standard sphere, thenM is orientation preserving diffeomorphic
to the standard sphere. Hence K(a,b)⊗Hopf (respectively, K(a′,b′)⊗Hopf) is diffeomorphic
to the standard 5-sphere. Hence Σ(a, b, 2, 2) is diffeomorphic to Σ(a′, b′, 2, 2). 
Note. The number of the connected components of a torus knot is one. The number of
the connected components of a torus link is no less than one.
Proof of Main Theorem 4.2. We need the following lemmas.
Let VJ (respectively, VK) be a Seifert hypersurface for J (respectively, K). We can
suppose that VJ and VK differ only in the 3-ball B
3 as shown in Figure 6.1. We have the
following by the definition of the pass-move.
Lemma 6.1. There is a handle decomposition of VJ (respectively, VK) with the following
properties:
(1) VJ ∩B
3 (respectively, VK ∩B
3) is a disjoint union of two 2-dimensional 1-handles as
shown in Figure 6.1. Let Z = J,K. Call one of these 2-dimensional 1-handles hα,Z and
the other hβ,Z . The handles hα,Z and hβ,Z are embedded in B
3 as shown in Figure 6.1.
(2) There is a single 2-dimensional 0-handle h0J (respectively, h
0
K) such that the attached
part of hα,Z (respectively, hβ,Z) is embedded in ∂(h
0
J ) (respectively, ∂(h
0
K)), and further-
more is embedded in ∂B3 as shown in Figure 6.1.
By attaching 3-dimensional 1-handles embedded in S3 as in Lemma 5.2, we have the
following.
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Lemma 6.2. Let ζ = α, β. Hence a Seifert pairing of [hζ,Z ] and itself is zero.
By the assumption, J(⊂ S3) and K(⊂ S3) differ only in the interior of the 3-ball
B3 ⊂ S3. By [15, Lemma 3.4], [12, §XII], Lemmas 5.3 and 5.4, we have the following.
Claim 6.3. (1) There is a Seifert hypersurface VJ⊗[2] (respectively, VK⊗[2]) for J ⊗ [2]
(respectively, K ⊗ [2]) ⊂ S5 such that VJ⊗[2] and VK⊗[2] differ only in the 5-ball B
5 ⊂ S5,
and such that VZ⊗[2] ∩B
5 is h2α,Z⊗[2]∐h
2
β,Z⊗[2], where Z = J,K, and h
2
ζ,Z⊗[2] (ζ = α, β) is
a 4-dimensional 2-handle attached to VZ⊗[2]−IntB
5 whose attached part is embedded in
VZ⊗[2] ∩ B
5.
(2) VZ⊗[2] is made from VZ as written in Lemma 5.4. Suppose that
VZ = h
0
Z ∪ ...∪h
1
Z,1...∪h
1
Z,a is a handle decomposition of VZ, where a is a positive integer,
h1Z,1 = h
1
α,Z , and h
1
Z,2 = h
1
β,Z . Then VZ⊗[2] has a handle decomposition
VZ⊗[2] = h
0
Z⊗[2]∪...∪h
2
Z⊗[2],1...∪h
2
Z⊗[2],a such that h
2
Z⊗[2],ν is made from h
1
Z,ν (ν ∈ {1, ..., a})
as written in [12, §XII], and such that h2Z⊗[2],1 = h
2
α,Z⊗[2] and h
2
Z⊗[2],2 = h
2
β,Z⊗[2].
By Lemmas 6.1 and 6.2, in VZ , h
1
α,Z and h
1
β,Z is attached to h
0
Z by the trivial framing.
By [15, Lemma 6.1, its proof and section 6], we have the following.
Claim 6.4. K ⊗ [2], Z ⊗ [2], h2α,Z⊗[2], h
2
β,Z⊗[2] and B
5 in Claim 6.3 have the property H.
By [15, Lemma 3.4], [12, §XII], Lemmas 5.3, 5.4, and [15, Lemma 6.1, its proof and
section 6] we have the following. We use a mathematical induction on m.
Claim 6.5. Let m be a nonnegative integer.
(1) There is a Seifert hypersurface VJ⊗m[2] (respectively, VK⊗m[2]) for J⊗
m[2] (respectively,
K ⊗m [2]) ⊂ S2m+3 such that VJ⊗m[2] and VK⊗m[2] differ only in the (2m+ 3)-ball B
2m+3
⊂ S2m+3, and such that VZ⊗m[2] ∩ B
2m+3 (Z = J,K) is hm+1
α,Z⊗[2] ∐ h
m+1
β,Z⊗m[2], where
hm+1
γ,Z⊗m[2](γ = α, β) is a (2m+2)-dimensional (m+1)-handle attached to VZ⊗m[2]−IntB
2m+3
whose attached part is embedded in VZ⊗m[2] ∩ B
2m+3.
(2) VZ⊗m+1[2] is made from VZ⊗m[2] as written in Lemma 5.4. Suppose that
VZ⊗m[2] = h
0
Z⊗m[2]∪ ...∪h
m+1
Z⊗m[2],1...∪h
m+1
Z⊗m[2],a is a handle decomposition of VZ⊗m[2], where
a is a positive integer, and hm+1Z⊗m[2],1 = h
m+1
α,Z⊗m[2] and h
m+1
Z⊗m[2],2 = h
m+1
β,Z⊗m[2].
Then VZ⊗m+1[2] has a handle decomposition
VZ⊗m+1[2] = h
0
Z⊗m+1[2] ∪ ... ∪ h
m+2
Z⊗m+1[2],1... ∪ h
m+2
Z⊗m+1[2],a such that h
m+2
Z⊗m+1[2],# (# = 1, ..., a)
is made from hm+1
Z⊗m[2],# as written in [12, §XII], such that h
m+2
Z⊗m+1[2],1 = h
m+2
α,Z⊗m+1[2], and
such that hm+2
Z⊗m+1[2],2 = h
m+2
β,Z⊗m+1[2].
(3) Z ⊗m [2], VZ⊗m[2], h
m+1
α,Z⊗m[2], h
m+1
β,Z⊗m[2], and B
2m+3 have the property H.
We have the following.
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Claim 6.6. Let W 2 be a submanifold VJ−IntB
3 of S3. Note that the submanifold
VK−IntB
3 of S3 is also W 2. Let A1 be a closed oriented 1-dimensional submanifold ∂W 2
of S3. Call VZ⊗[2]−IntB
5, W 4. Let A3 be a closed oriented 3-dimensional submanifold
∂W 4 of S5. We have that A3 = A1 ⊗ [2].
We have the following.
Claim 6.7. Let m be a positive integer. Let W 2m+2 be a submanifold VZ⊗m[2]−IntB
2m+3
of S2m+3. Let A2m+1 be a submanifold ∂W 2m+2 of S2m+3. We have that A2m+1 = A1⊗m[2]
and that A2m+1 is (m− 1)-connected.
By Lemma 6.1, [h1α,Z ] and [h
1
β,Z ] make sense. Recall that the attached part of h
m+1
γ,Z⊗m[2](γ
= α, β) is embedded in the (2m + 2)-dimensional 0-handle in VZ⊗m[2]. Hence [h
m+1
γ,Z⊗m[2]]
makes sense.
By the assumption of Main Theorem 4.2
[h1α,J ] · [h
1
β,J ] in V
2
J = [h
1
α,K ] · [h
1
β,K ] in V
2
K .
By [15, Proposition 6.2 and §6] we have the following lemma.
Lemma 6.8. Let k be a positive integer, and m = 2k. Let Z = J,K. We have
[hm+1α,Z⊗m[2]] · [h
m+1
β,Z⊗m[2]] in VZ⊗m[2] = [h
1
α,Z ] · [h
1
β,Z ] in VZ .
Note. Recall Z ⊗2k [2] = Z ⊗k Hopf. Note the difference between Lemma 5.12 and
Lemma 6.13.
By this lemma, we have the following: if m = 2k and k is a positive integer,
[hm+1
α,J⊗m[2] · [h
m+1
β,J⊗m[2]] in VJ⊗m[2] = [h
m+1
α,K⊗m[2] · [h
m+1
β,K⊗m[2]] in VK⊗m[2].
Therefore we have the following.
Claim 6.9. Let Z = J,K. Let Sˇmγ,Z be the standard m-sphere such that the core of the
handle hm+1
γ,Z⊗m[2] (γ = α, β).
Then there is a diffeomorphism map
f : VJ⊗m[2]−IntB
2m+3 → VK⊗m[2]−IntB
2m+3
such that f |∂(VJ⊗m[2]−IntB2m+3) carries the homology class of Sˇ
m
γ,J to that of Sˇ
m
γ,K.
Note that the submanifold ∂(VJ⊗m[2] − IntB
2m+3) of S2m+3 is A2m+1, which is defined
in Claim 6.7.
By [10, 41, 42], we have the following.
Claim 6.10. Let m ≧ 1. the embedding type of Sˇmγ,Z in A
2m+1 is unique if the homology
class [Sˇmγ,Z ] of A
2m+1 is fixed.
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Therefore we have the following.
Claim 6.11. There is a diffeomorphism map from VJ⊗m[2]−IntB
2m+3 to VK⊗m[2]−IntB
2m+3
such that the image of the attached part of hm+1γ,J⊗m[2] is that of h
m+1
γ,K⊗m[2] (γ = α, β).
Recall that hm+1γ,Z⊗m[2] (γ = α, β.Z = J,K) is attached by the trivial framing to the only
one 0-handle in VZ⊗m[2]−IntB
2m+3. Therefore the diffeomorphism in Claim 6.11 extends
to one from VJ⊗m[2] to VK⊗m[2].
By [15, Proposition 6.2 and §6] we have the following lemma.
Lemma 6.12. Let m = 2k and k a positive integer. Let Z = J,K. The Z-Seifert pairing
of [hm+1
α,Z⊗m[2]] and [h
m+1
β,Z⊗m[2]] associated with the Seifert hypersurface VZ⊗m[2] is equal to
(−1)k×(that of [h1α,Z ] and [h
1
β,Z ] associated with VZ).
Note that the handles, hm+1α,Z⊗m[2] and h
m+1
β,Z⊗m[2], embedded in B
2m+3
Z⊗2m
are attached to
∂B2m+3
Z⊗2m
. Note that the embedding type of the disjoint union of the attached part of
hm+1
α,Z⊗m[2] and that of h
m+1
β,Z⊗m[2] in ∂B
2m+3
Z⊗2m
is only one.
Recall that hm+1α,Z⊗m[2] and h
m+1
β,Z⊗m[2] are embedded in B
2m+3
Z⊗2m
. Let γ = α, β. Let B˜m+1γ
be the core of hm+1
γ,Z⊗m[2]. Note that we regard [B˜
m+1
α , ∂(B˜
m+1
α )] as an element in
Hm+1(B
2m+3
Z⊗2m
− hm+1
β,Z⊗m[2], ∂(B
2m+3
Z⊗2m
− hm+1
β,Z⊗m[2]);Z).
By [15, Lemma 3.4], [12, §XII], Lemmas 5.3 and 5.4, there is a one-to-one correspon-
dence between the following two sets (1) and (2).
(1) The set of the embedding type of the disjoint union of hm+1
α,Z⊗m[2] and h
m+1
β,Z⊗m[2] in
B2m+3
Z⊗2m
, keeping their attached part.
(2) The set Hm+1(B
2m+3
Z⊗2m
− hm+1β,Z⊗m[2], ∂(B
2m+3
Z⊗2m
− hm+1β,Z⊗m[2]);Z).
Furthermore there is a one-to-one correspondence between the above (2) and the fol-
lowing (3).
(3) The set of the Z-Seifert pairing of [hm+1α,Z⊗m[2]] and [h
m+1
β,Z⊗m[2]] associated with the Seifert
hypersurface VZ⊗m[2].
Therefore VJ⊗m[2] and VK⊗m[2] differ by a single (m+ 1, m+ 1)-pass-move if m = 2k.
Hence J ⊗k Hopf is obtained from K ⊗k Hopf by a single (2k + 1, 2k + 1)-pass-move
where k is any positive integer.
This completes the proof of Main Theorem 4.4. 
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Note. [15, Proposition 6.2 and §6], [16, Proposition 5.4 and section 5], and [22, section
7] imply Lemma 6.13 and 6.14.
Lemma 6.13. Let k be a nonnegative integer. Let Z=J,K. If m = 2k + 1,
[hα,Z⊗m[2]] · [hβ,Z⊗m[2]] in VZ⊗m[2] 6= [hα,Z ] · [hβ,Z ] in VZ in general.
Note the difference between Lemma 6.8 and Lemma 6.13.
Lemma 6.14. Let k be a positive integer. J⊗2k+1[2] and K⊗2k+1[2] are non-diffeomorphic
(respectively, non-homeomorphic) in general
This lemma implies [16, Theorem 8.3] as written there: Let k be a positive integer.
J ⊗2k+1 [2] and K ⊗2k+1 [2] are not (2k + 2, 2k + 2)-pass-move equivalent in general.
Note. In Main Theorem 4.2, if we replace ‘1-links in S3’ with ‘2ν+1-dimensional closed
oriented submanifolds in S2ν+3, where ν is a positive integer,’, and ‘(2k+1, 2k+1)′ with
‘(2k + ν + 1, 2k + ν + 1)′, we could prove it in the same way.
Furthermore, in Main Theorem 4.4, if we replace ‘2-dimensional closed oriented sub-
manifolds in S4’ with ‘(2+2ν)-dimensional closed oriented submanifolds in S2ν+4, where
ν is a positive integer’, and ‘(2k + 1, 2k + 2)’ with ‘(2k + 1 + ν, 2k + 2 + ν)’, and if we
remove ‘k ≥ 2’, we could prove it in the same way.
We formulate a problem.
Problem 6.15. Let p, q, and µ be positive integers. Suppose that we obtain a (p+q−1)-
knot J from a (p + q − 1)-knot K by one (p, q)-pass-move. Can we obtain J⊗µ(Hopf)
from K⊗µ(Hopf) by a (2µ+ p, 2µ+ q)-pass-move?
7. Proof of Main Theorem 2.3
The idea of the proof is to show that Farber’s bijective map S2m → S2m+4(m ≧ 4) which
is cited in Theorem 7.9 and a map S2m → S2m+4(m ≧ 4) in Theorem 7.11 which is
defined by using knot products are the same. In order to prove the sameness, we use the
fact that each of the two maps is the double of a kind of suspension.
We review the classification of even dimensional simple spherical knots by Farber in
[5, 6, 7, 8, 9]. In particular, see [8, §1 and 2] for detail.
Before that, we need to define a continuous map. Let n be a positive integer. Let A
(respectively, B) be a (not necessarily connected) (n + 1)-dimensional compact oriented
submanifold with nonempty boundary contained in Sn+2. Regard Sn+2 as the one point
compactification Rn+2 ∪ {∗} of Rn+2. Suppose A ⊂ Rn+2, B ⊂ Rn+2, and A ∩ B = φ.
Take a continuous map
α : A× B → Rn+2 − {0}
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(a, b) 7→ a− b.
Here we regard a and b as elements of Rn+2. Hence we can define a−b consistently. Thus
we can define a continuous map
τ(α) : A× B → Sn+1
(a, b) 7→
a− b
|a− b|
,
where |a− b| is the distance between a and b. We can make τ(α) into a continuous map
θ(α) : A ∧B → Sn+1,
where ∧ denotes the smash product because τ(α)|A∨B is a null-homotopic map.
Letm be a positive integer. LetK be a 2m-dimensional simple spherical knot contained
in S2m+2 = R2m+2 ∪ {∗}. Let V be an (m − 1)-connected Seifert hypersurface for K.
Push off V into the positive direction of the normal bundle of V in Rn+2, and call it
V+. Let A = V and B = V+ in the definition of the above continuous map θ(α). We
abbreviate θ(α) : V ∧ V+ → S
2m+1 to θ : V ∧ V → S2m+1. By using this θ, define
an S-map θ : V ∧ V
s
→ S2m+1, where
s
→ denotes an S-map, and call it the Seifert-
Farber homotopy pairing for V . See also [8] for the definition of S-maps. Here we let
f : X
s
→ Y denote an S-map made from a continuous map f : X → Y . Note that we
use the notation f for both. The Seifert-Farber homotopy pairing defines a spherical
pairing (V, θ). Let n be a positive integer. The n-isometry (V, u, z) corresponding to
this n-pairing will be called the n-isometry of the manifold V . See [8, §1 and 2] for
the definition of spherical pairings and that of n-isometries. Spherical n-pairings and
n-isometries are in one-to-one correspondence by the correspondence written in [8, §2.4].
Furthermore [8, Lemma 2.8] shows that spherical n-pairings are contiguous if and only if
the corresponding n-ismoetries are contiguous. See also [8] for the definition of the term
‘contiguous’.
Theorem 7.1. ([8, Theorem 2.6].) Let m be a positive integer. The R-equivalence class
of the 2m-isometry (V, u, z) does not depend on the choice of the Seifert hypersurface
V and is well-defined by the type of the given 2m-dimensional simple spherical knot K.
If m ≧ 4, then the map, sending each 2m-dimensional simple spherical knot to the R-
equivalence class of the 2m-isometry of some (m − 1)-connected Seifert hypersurface of
this knot, is a bijection of the set of isotopy types of 2m-dimensional simple spherical
knots to the set of R-equivalence classes of 2m-isometries given on all virtual complexes
of length ≦ 2.
Note. See [8, §1 and 2] for the definition of ‘R-equivalence classes’ and that of ‘n-
isometries given on all virtual complexes of length ≦ 2’.
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We introduce a few continuous maps. Let Rn+3 = R×Rn+2. Suppose that an element
in Rn+3 = R× Rn+2 is represented by (x, p), where x ∈ R and p ∈ Rn+2. Construct the
suspension ΣA from A ⊂ Rn+2 and (1, 0), (−1, 0) ∈ R × Rn+2. Of course ΣA is not in
{0} × Rn+2 but in Rn+3. Define a continuous map β1(α) : ΣA × B → R
n+3 − {0} as
follows. Note that B ⊂ {0} × Rn+2 ⊂ Rn+3. We use the following lemma.
Lemma 7.2. Let 0 ≦ t ≦ 1. Take an element in the intersection of ΣA ⊂ R×Rn+2 and
{x|x = t} × Rn+2 ⊂ R× Rn+2. Then for an element (0, a) ∈ A ⊂ {x|x = 0} × Rn+2, the
element in the intersection is denoted by (t, (1− t)a) ∈ {x|x ∈ R} × Rn+2 = R× Rn+2.
Define a continuous map β1,u(α) to be
β1,u(α) : ((ΣA) ∩ (R≥0 × R
n+2))×B → Rn+3 − {0}
(p, q) 7→ p− q.
Recall B ⊂ {x|x = 0} × Rn+2. Hence this continuous map is represented by
((t, (1− t)a), (0, b)) 7→ (t, (1− t)a− b)
= (t, a− at− b).
in another way. We use the following lemma.
Lemma 7.3. Let −1 ≦ t ≦ 0. Take an element in the intersection of ΣA and
{x|x = t} × Rn+2. Then for an element (0, a) ∈ A, the element in the intersection is
denoted by (t, (1 + t)a).
Define a continuous map β1,d(α) to be
β1,d(α) : ((ΣA) ∩ (R≤0 × R
n+2))×B → Rn+3 − {0}
(p, q) 7→ p− q.
Hence this continuous map is represented by
((t, (1 + t)a), (0, b)) 7→ (t, (1 + t)a− b)
= (t, a+ at− b).
in another way. The continuous map β1(α) is defined by using β1,u(α) and β1,d(α).
We can define a continuous map β2(α) : A×ΣB → R
n+3−{0} in the same way as we
define β1(α). Let β(α) = β1(β2(α)) : (ΣA)× ΣB → R
n+4 − {0}. We will use
β(β(α)) : (Σ2A)× Σ2B → Rn+6 − {0}. Let β2(α) denote β(β(α)).
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Define a continuous map γ1(α) : (ΣA)× B → R
n+3 − {0} as follows.
Let 0 ≦ t ≦ 1. Define a continuous map γ1,u(α) to be
γ1,u(α) : ((ΣA) ∩ (R≥0 × R
n+2))×B → Rn+3 − {0}
((t, (1− t)a), (0, b)) 7→ (t, (1− t)(a− b)).
Let −1 ≦ t ≦ 0. Define a continuous map γ1,d(α) to be
γ1,d(α) : ((ΣA) ∩ (R≤0 × R
n+2))× B → Rn+3 − {0}
((t, (1 + t)a), (0, b)) 7→ (t, (1 + t)(a− b)).
The continuous map γ1(α) is defined by using γ1,u(α) and γ1,d(α).
We can define a continuous map γ2(α) : A×ΣB → R
n+3−{0} in the same way as we
make γ1(α). Let γ(α) = γ1(γ2(α)) : (ΣA)× ΣB → R
n+4 − {0}. We will use
γ(γ(α)) : (Σ2A)× Σ2B → Rn+6 − {0}. Let γ2(α) denote γ(γ(α)).
Lemma 7.4. The above continuous maps β1(α) and γ1(α) are homotopic.
Proof of Lemma 7.4. We define a homotopy ξs : ΣA × B → R
n+3 − {0}, where
0 ≤ s ≤ 1, such that ξ0 = β and that ξ1 = γ as follows.
Let 0 ≦ t ≦ 1. Define a continuous map ξs,u to be
ξs,u : (ΣA)× B → R
n+3 − {0}
((t, (1− t)a), (0, b)) 7→ (t, s(1− t)(a− b) + (1− s)(a− b− ta))
= (t, (1− t)a− (1− st)b).
Let −1 ≦ t ≦ 0. Define a continuous map ξs,d to be
ξs,d : (ΣA)× B → R
n+3 − {0}
((t, (1+ t)a), (0, b)) 7→ (t, s(1+ t)(a− b)+ (1− s)(a− b+ ta))
= (t, (1 + t)a− (1 + st)b).
The continuous map ξs is defined by using ξs,u and ξs,d. We claim that ξs,u, ξs,d, and ξs
are well-defined. Reason: Let p ∈ ΣA×B. Let ξ(p) = (t, κ). If t 6= 0, ξs(p) ∈ R
n+3−{0}.
If t = 0, then κ = a− b. Hence κ 6= 0. Hence ξs(p) ∈ R
n+3 − {0}. 
We can prove the following lemma in the same way as we prove Lemma 7.4
Lemma 7.5. The above continuous maps β2(α) and γ2(α) are homotopic.
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We state a theorem which was proved in [5, 6, 7, 8, 9] after some preparations (see
Theorem 7.9). Take the suspension ΣX of X . ΣX is made from X and [−1, 1] as usual.
An element of ΣX is represented by (t, x) by using t ∈ [−1, 1] and x ∈ X as usual. This
way of representation is different from the previous way that we used in order to define
β(α) and γ(α).
Take a continuous map
f : X → Y
x 7→ y.
Define a continuous map to be
Σf : ΣX → ΣY
(t, x) 7→ (t, y),
and call it the suspension of f . Note that (1, x) (respectively, (−1, x)) and (1, x′) (re-
spectively, (−1, x′)) represent a same element even if x 6= x′.
Take a continuous map
f : A× B → Y
(a, b) 7→ y.
Define a continuous map to be
Σ1,0f : (ΣA)× B → ΣY
((t, a), b) 7→ (t, y),
and call it the (1, 0)-suspension of f . Define a continuous map to be
Σ0,1f : A× ΣB → ΣY
(a, (t, b)) 7→ (t, y),
and call it the (0, 1)-suspension of f . We can define Σν,µf in the same manner. We have
the following.
Lemma 7.6. Let n be a positive integer. Take α, τ(α) as above. Then Σ2,2τ(α) :
Σ2A× Σ2B → Σ4Sn+1 is homotopic to τ(γ2(α)). (Note: Σ4Sn+1 is regarded as Sn+5.)
Furthermore we have the following.
Lemma 7.7. Let ψ, φ, ν, ν − ψ, and ν − φ be nonnegative integers. (ΣψA) ∧ Σν−ψB is
homotopy type equivalent to (ΣφA) ∧ Σν−φB.
Make
Σψ,ν−ψf : (ΣψA)× Σν−ψB → Y
into a continuous map
(ΣψA) ∧ Σν−ψB → Y.
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Make
Σψ,ν−φf : (ΣφA)× Σν−φB → Y
into a continuous map
(ΣφA) ∧ Σν−φB → Y.
By Lemma 7.7 these two new continuous maps are regarded as the same one, and call it
Σνf. Hence Lemma 7.6 implies the following.
Lemma 7.8. Σ4θ(α) : (Σ2A) ∧ Σ2B → Sn+5 is homotopic to
θ(γ2(α)) : (Σ2A) ∧ Σ2B → Sn+5.
Note. Recall that for finite CW complexes, the reduced suspension of X is homotopy
type equivalent to the ordinary suspension. The suspensions are used in [8, §1 and 2]
and is also used in the following Theorem 7.9.
Theorem 7.9. ([8, Theorem 2.6 and §1 and 2].) Under the condition (∗), we have the
conditions (1) and (2).
(∗) Let m be an integer≧ 4. Let K2m be a simple spherical 2m-knot. Let V 2m+1 be an
(m − 1)-connected Seifert hypersurface for K2m. Let θ : V 2m+1 ∧ V 2m+1
s
→ S2m+1 be a
Seifert-Farber homotopy pairing.
(1) Make an S-map Σ4θ : (Σ2V 2m+1)∧Σ2V 2m+1
s
→ S2m+5 by using the suspensions. Then
there is a simple spherical (2m+4)-knot J2m+4 ⊂ S2m+6 with the following property: Let
U2m+5 be an (m+ 1)-connected Seifert hypersurface for J2m+4. Let ρ : U2m+5 ∧ U2m+5
s
→ S2m+5 be a Seifert-Farber homotopy pairing. Then Σ4θ is R-equivalent to ρ.
(2) For each integer m ≧ 4, the operation sending K2m to J2m+4 in (1) gives a one-to-one
map S2m → S2m+4.
Lemma 7.8 implies the following.
Lemma 7.10. Suppose the condition (∗) in Theorem 7.9. Suppose that θ is made from
a continuous map
αV : V
2m+1 × V 2m+1+ → R
2m+2 − {0}.
(a, b) 7→ a− b.
That is, θ is an S-map made from θ(αV ). (This S-map is also called θ(αV ).)
Then we have the following: θ(γ2(αV )) is R-equivalent to ρ in Theorem 7.9.(1), and
is a Seifert-Farber homotopy pairing for J2m+4. The correspondence θ(αV )→ θ(γ
2(αV ))
gives the bijection S2m → S2m+4 for each integer m ≧ 4.
Theorem 7.11. ([15, Lemma 6.1, its proof and section 6].) Under the condition (♮), we
have the condition (#).
40
(♮) Let m be an integer≧ 2. Let K2m be a simple spherical 2m-knot in S2m+2
= R2m+2 ∪ {∗}. Suppose that K2m ⊂ R2m+2. Let V 2m+1 be an (m− 1)-connected Seifert
hypersurface contained in R2m+2 for K2m. Make V 2m+1+ from V
2m+1 as usual. Take a
continuous map
αV : V
2m+1 × V 2m+1+ → R
2m+2 − {0}
(a, b) 7→ a− b.
Take β2(αV ) as above. Make K
2m ⊗ Hopf in S2m+6 = R2m+6 ∪ {∗}.
(#) There is an (m+ 1)-connected Seifert hypersurface W 2m+5 for K2m ⊗Hopf with the
following properties.
(1) W 2m+5 is homotopy type equivalent to Σ2V 2m+1 by continuous maps
ζ : Σ2V 2m+1 →W 2m+5 and ζ ′ : W 2m+5 → Σ2V 2m+1.
Make W 2m+5+ from W
2m+5 as usual. Then W 2m+5+ is homotopy type equivalent to Σ
2V 2m+
by continuous maps ζ+ : Σ
2V 2m+1+ → W
2m+5
+ and ζ
′
+ : W
2m+5
+ → Σ
2V 2m+1+ .
(2) Take a continuous map
αW : W
2m+5 ×W 2m+5+ → R
2m+6 − {0}
(a, b) 7→ a− b.
Take the continuous map ζ × ζ+ : (Σ
2V 2m+1)× Σ2V 2m+1+ → W
2m+5 ×W 2m+5+ . Then the
continuous map αW ◦ (ζ × ζ+) is homotopic to the continuous map β
2(αV ).
The S-map made from θ(αW ◦ (ζ × ζ+)) is a Seifert-Farber homotopy pairing for
K2m ⊗Hopf. By Theorem 7.1 we have the following.
Lemma 7.12. Under the condition (♮) in Theorem 7.11, the S-map made from θ(β2(αV ))
is a Seifert-Farber homotopy pairing for K2m ⊗ Hopf.
Lemmas 7.5 and 7.12 implies the following.
Lemma 7.13. Under the condition (♮) in Theorem 7.11, the S-map made from θ(γ2(αV ))
is a Seifert-Farber homotopy pairing for K2m ⊗ Hopf.
Lemmas 7.10 and 7.13 imply Main Theorem 2.3. This completes the proof of Main
Theorem 2.3. 
Note. We could extend Main Theorem 2.3 to the case of the stable knots corresponding
to the set of R-equivalence classes of 2m-isometries given on all virtual complexes of a
given length.
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8. Problem
Let k be a positive integer. One way of saying, investigating how far ⊗kHopf: C1
→ C4k+1 and ⊗
kHopf: K1 → S4k+1 are different from isomorphism maps has generated
many fruitful results on 1-knots as the readers know. It is natural to formulate the
following problem.
Problem 8.1. Let µ be an integer≧ 2. Investigate ⊗µHopf: K2 → S4µ+2.
Let ν be an integer≧ 1. Investigate ⊗νHopf: S4 → S4ν+4.
Let τ be an integer≧ 1. Investigate ⊗τHopf: S6 → S4τ+6.
Investigate ⊗Hopf: K2 → S6.
It will be exciting to combine Problems 3.4 and 8.1. Make problems from Problem 3.4
replacing the ribbon-move by other local moves. Combine the problems with Problem
8.1. It will be also exciting.
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